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Preface

This handbook is addressed to students of technology institutes where a course
on mathematical physics of relatively reduced volume is offered, as well as to
engineers and scientists. The aim of the handbook is to treat (demonstrate) the
basic methods for solving the simplest problems of classical mathematical physics.

The most basic among the methods considered here is the superposition
method. It allows one, based on particular linearly independent solutions (solution
“atoms”), to obtain the solution of a given problem. To that end the “supply” of
solution atoms must be complete. This method is a development of the well-known
method of particular solutions from the theory of ordinary differential equations. In
contrast to the case of ordinary differential equations, where the number of linearly
independent solutions is always finite, for a linear partial differential equation a
complete “supply” of solution atoms is always infinite. This infinite set of solutions
may be discrete (for example, for regular boundary value problems in a bounded
domain), or form a continuum (for example, in the case of problems in the whole
space). In the first case the superposition method reduces to the construction of
a series in the indicated solution atoms with unknown coefficients, while in the
second case the series is replaced by an integral with respect to the corresponding
parameters (variables).

This first step leads us to the general solution of the associated homogeneous
equation under the assumption that the set of solution atoms is “complete.” The
next step — like in the case of ordinary differential equations—is to find the requisite
coefficients from the data of the problem.

Thus, the basic bricks of the superposition method are the solution “atoms.”
A main tool for finding such solutions is the method of separation of variables
(assuming null boundary conditions). Unfortunately, this method is applicable only
in the case of domains that possess a certain symmetry (for example, in the case
of a disc, rectangle, cylinder, or ball). In the case of domains with a complicated
structure finding such solution “atoms” is no longer possible. One can then resort
to various approximate methods for solving boundary value problems, which is
beyond the scope of the present handbook.

Another method discussed in the book is the method of conformal mappings,
which allows one to reduce the solution of, say, the Dirichlet problem for the
Laplace equation in a complicated domain, to the consideration of the Dirichlet
problem in a simpler domain.

Alongside these methods we consider integral transform methods (Fourier,
Laplace, Hankel) for nonstationary problems, which are also based on the linear
superposition method.

We also devote place in the handbook to a group of problems connected with
equations of 4th order. We consider boundary value problems for the biharmonic
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viii PREFACE

equation (in a disc and in a half-space) and for a nonhomogeneous equation of 4th
order (in a disc).

To supplement our treatment of methods for solving elliptic, hyperbolic and
parabolic problems, each chapter ends with problems for independent study and
answers to them. We note that in chapters 2 and 3 we give problems also for
hyperbolic and parabolic equations of 4th order, with hints for solution.

Let us emphasize that because this book is addressed to readers that are
familiar only with differential and integral calculus and some methods for the
integration of ordinary differential equations, we are not discussing questions per-
taining to the existence of solutions and their membership in appropriate functional
spaces.

The entire exposition is formal in nature; if desired, it can be readily given
a rigorous mathematical meaning by enlisting the general theory of partial differ-
ential equations. The reader interested in a deeper study of the methods demon-
strated here or other methods is referred to the bibliography, which contains a
number of well-know collections of problems. In particular, as a handbook we
recommend S. Farlow’s book [22].



Introduction

Many physical processes in fields of science and technology such as mechanics,
heat physics, electricity and magnetism, optics, are described by means of partial
differential equations. The majority of the equations of mathematical physics itself
are partial differential equations. In contrast to ordinary differential equations, in
which the unknown function depends on only one variable, in partial differential
equations the unknown function depends on several variables (for example, the
electric field vector E(m,y,z,t) depends on the space variables z,y,z and the
time ¢).
Among the fundamental equations of mathematical physics one can list

— the three-dimensional Laplace equation
Au=0, or uUgy+ Uy + Uz, =0;

— the wave equation
Ut = (ZQA’LL;

— the heat equation
u = a®Au.

In these equations the unknown function v = u(z,y, z), or u = u(z,y, 2,t),
depends on several variables. The number of independent variables is determined
by the dimension of space in which the physical process under study takes place,
to which one adds the space variable (in the case of nonstationary processes). A
wide class of equations is constituted by the linear partial differential equations
for functions that depend on two variables. These equations can be written in the
form

11Uz + 20412Ugy + G22Uyy + DUy + bouy + cu = f, (L.1)

where a1, a2, a2, b1, ba, ¢, f are given functions of the independent variables x
and y and wu is the unknown function.

Any linear second-order partial differential equation of the form (I.1) belongs,
under the assumption that a?, + a3, + a3, # 0 at a point (z, %), to one of the three
types: (a) elliptic; (b) hyperbolic; (¢) parabolic (at that point (z,y)).

The equations of elliptic type describe steady processes and are defined by
the condition a%Q —ajia90 < 0.

The equations of hyperbolic type describe wave processes and are defined by
the condition a%Q —ajiag > 0.

The equations of parabolic type describe processes of heat propagation, dif-
fusion (and some other), and are defined by the condition a?, — ajjaze = 0.

Let us remark that in equations of hyperbolic and parabolic type one of the
variables, denoted t, plays the role of the time variable.

V.P. Pikulin and S.I. Pohozaev, Equations in Mathematical Physics: A practical course, 1
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2 INTRODUCTION

Thus, the equations ug, + uyy, = 0, uy = aUgy, and uy = a*ug, are of
elliptic, hyperbolic, and parabolic type, respectively.

The concept of a solution. A (classical) solution of a partial differential equation
is a function (possessing all the derivatives appearing in the equation) which upon
substitution in the given equation makes it into an identity with respect to the
independent variables in the domain under consideration. For example, the func-
tion u(z,t) = sinzsin(at) is a solution of the equation a®us, — uy = 0 in the
domain —oco < z,t < co. Let us notice that an equation has many different solu-
tions. This fact is observed already in the study of ordinary differential equations.
In the case of partial differential equations the set of solutions is considerably
wider. For example, the set of solutions of the equation y” = 0 is described by
the formula y = Cix 4+ Cs, where C; and Cs are arbitrary constants; by con-
trast, the set of solutions of the equation a?uy, = uy is given by the formula
u(z,t) = f(x — at) + g(z + at), where f and g are arbitrary twice differentiable
functions.

Let us emphasize that the concept of a solution introduced above is not the
only one possible. A well-developed theory of so-called generalized (with various
meanings) solutions exist at the present time. However, in our elementary course
we will confine ourselves to the classical definition given above.

Problem posing. In order to single out a unique solution among the set of solutions
of a given equation, it is necessary to impose supplementary conditions. These
conditions are of various kinds, depending on the type of equation studied. In this
way we are led to posing problems for partial differential equations. In other words,
a problem consists of an equation and supplementary conditions.

In the case of unsteady processes studied in the whole space it is necessary
to give initial conditions. In this way we arrive at the Cauchy problem. Typical
examples of this problem are the following:

[ :a2um, —oco<xr<oo, t>0,

u(z,0) = f(z), w(z,0)=g(z), —00 < T < 00;
Ut :a2um, —xo<zx<oo, t>0,
u(z,0) = f(x), —00 < & < 00;

gy = a’Au, —o < x,y,z <00, t>0,
u(x7 y7 Z? 0) = f(x7 y? Z)? —00 < m’ y’ z < m?
ut(xayazvo):g(x7yﬁz)7 —00<$ayaz<003
up = a’Au, —oco < X, y,z <00, t>0,
u(x7y7za()):f(xayﬁz)a —00<$ayaz<00-

The Cauchy problem already has a unique solution (under natural conditions).
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If, however, the physical process is considered in a bounded domain of space,
then we are led to boundary value problems for stationary phenomena and mixed
problem for nonstationary phenomena. For example, when studying the oscillations
of a string clamped at its ends one obtains the mixed problem

Ut = a2 Uy, O<z<l, 0<t<oo,
u(0,t) =0, wu(l,t) =0, 0<t< o0,
u(z,0) = f(z), wu(z,0)=g(x), 0<z<lI.

Other forms of boundary conditions are also possible.
In a similar manner one poses the boundary value problem for the wave
equation in the three-dimensional case (2 is a bounded domain with boundary

o0N):

ug = a®Au in the cylinder Q x (0,t) with ¢ > 0,
u=0 on the lateral surface 99 x (0, ¢t),
u=f(z,y,2), u =g(z,y,z2) on the lower base (t = 0) of the cylinder.

Further, the process of heat propagation in a rod of length [ is described by
the one-dimensional heat equation

u = a®Ugy, O<z<l, 0<t<oo,

where u(x,t) is the temperature in the rod at time ¢ in the point z. We shall
assume that the endpoints x = 0 and z = [ are maintained at the temperature
zero at all time, and a temperature profile ¢(z) is given at the initial moment of
time. Then we obtain the following mixed problem for the heat equation:

U = a*ugy, O<z<l, 0<t<oo,
w(0,t) =0, wu(l,t)=0, 0<t< o,
u(z,0) = ¢(x), 0<z<l.

Instead of specifying the temperature at the endpoints (boundary) of the rod,
one can specify the temperature of the ambient medium or the heat flux through
the boundary.

The boundary value problem for the heat equation in the whole space is
formulated in analogous manner:

up = a*Au in the cylinder Q x (0,¢) for ¢ > 0,
u=0 on the lateral surface 9Q x (0, ¢t),
u= f(x,y,2) on the lower base (¢t = 0) of the cylinder.
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In addition to physical phenomena that evolve in space and time, there exist
phenomena which do not change with time. Most of these phenomena are described
by elliptic boundary value problems. In contrast to the hyperbolic wave equation
and the parabolic heat equation, elliptic boundary value problems require no initial
conditions. For them only boundary conditions need to be imposed. The following
three types of boundary conditions are the most important ones:

(1) boundary condition of the first kind (Dirichlet condition);
(2) boundary condition of the second kind (Neumann condition);
(3) boundary condition of the third kind (Robin condition).

For example, the boundary value problem with the condition of the first kind
(the Dirichlet boundary value problem) for the Laplace equation is formulated as
follows: find the solution of the equation Au = 0 in some domain of space (or of the
plane) which takes given values on the boundary. As a concrete physical example
one can give the problem of determining the steady temperature distribution inside
a domain {2, if the temperature on its boundary 0f2 is given. Another example:
find the distribution of electric potential inside a domain if the potential on its
boundary is known. The mathematical model of both phenomena is

Au=0 in the domain 2,

U= on the boundary 09,
where ¢ is a given function

The boundary value problem with boundary condition of the second kind

(the Neumann boundary value problem) is posed as follows: find the solution of
the given equation in some domain  of space (or of the plane) assuming that the
outward normal derivative Ou/dn (which is proportional to the heat or mass flux)
is given on 0N). This general boundary value problem, for the heat equation or for
the equation of electrostatics, with the flux given on the boundary, is written as

follows:
Au=0 in the domain €,

0
8Z = on the boundary 0f.
Unlike the Dirichlet problem for the Laplace equation, the Neumann problem
has a meaning only in the case when the total flux through the boundary 0f is
equal to zero, i.e., |, 20 gz ds = 0. For example, the interior Neumann problem for
the unit disc,
Au=0 0<p<l, 0<¢p<2m,
ou
dp

does not have a physical meaning because a constant unit flux inside the domain
cannot ensure that the solution is stationary.

(1790):17 0<p<2m,
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The Dirichlet and Neumann boundary value problems for the Poisson equa-
tion Au = f are formulated in a similar manner. Let us mention only that for the
Neumann boundary value problem

Au=f in the domain €2,

Ou = on the boundary 02,
on

to have a solution it is necessary and sufficient that

/Qfdm:/(mgads.

Another peculiarity of the Neumann problem for the Poisson equation, which
distinguishes it from the other boundary value problems considered here, is that
its solution is not unique.

The boundary value problem with boundary condition of the third kind (the
Robin boundary value problem) for, say, the Poisson equation, is posed as follows:
find a solution u(M) of the equation in some domain 2 of space (or of the plane),
which satisfies on the boundary 0f) the condition du/0n + ou = ¢, where o and
@ are given functions on 0f). More precisely, this problem reads

Au=f in the domain €2,

Ou +ou=y on the boundary 0.

on

The solvability of this problem depends in essential manner on the behavior of the
function o, in particular, on its sign.

The aim of the present book is to consider a number of methods for solving
problems of mathematical physics. The various methods are described as formal
procedures, without any attempt to provide a mathematical justification.

The reader is not required to understand the physical essence of the examples
that are used to illustrate the methods. However, familiarity with the basics of
calculus, as well as with methods for solving ordinary differential equations is
assumed.

Let us describe briefly the contents of this handbook.

Chapter 1 is devoted to elliptic problems. It treats the Fourier method for
the Laplace and Poisson equation in domains with a certain symmetry, the Fourier
method for the Helmholtz equation (in bounded as well as unbounded domains),
and the Green function method.

In Chapter 2 a number of hyperbolic problems are studied. We consider the
application of the methods of travelling and steady waves in one-dimensional as
well as higher-dimensional cases. We demonstrate the application of the methods
of the Fourier, Laplace and Hankel transformations, as also of the method of sep-
aration of variables to solving certain types of problems. therein we also illustrate
the application of the perturbation method to some hyperbolic problems.
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Chapter 3 is devoted to parabolic problems. It treats the application of the
Fourier method in domains with a certain symmetry. The methods of the Fourier
and Laplace integral transformations, as well as the method of separation of vari-
ables are applied to solve the Cauchy problem in the case of the homogeneous heat
equation in one- and higher-dimensional situations.

Each chapter ends with a number of problems for independent study and
answers to them.

To conclude let us mention that due to space limitations the book contains
no material on systems of partial differential equations, probabilistic methods for
solving boundary value problems, or variational methods.



Chapter 1
Elliptic problems

An effective method for solving boundary value problems for the Laplace and
Helmoltz equations (in domains possessing a definite symmetry) is the method of
separation of variables. The general idea of this method is to find a set of solutions
of the homogeneous partial differential equation in question that satisfy certain
boundary conditions. These solutions then serve as “atoms”, from which, based
on the linear superposition principle, one constructs the “general” solution. Since
each of these “atoms” is a solution of the corresponding homogeneous equation,
their linear combination is also a solution of the same equation. The solution of our
problem is given by a series > ° | ¢, up(x) (where u,(x) are the atom solutions,
x = (x1,... ,2n) is the current point of the domain of space under consideration,
and ¢, are arbitrary constants). It remains to find constants ¢, such that the
boundary conditions are satisfied.

1.1. The Dirichlet problem for the Laplace equation in an annulus

Suppose that we are required to solve the Dirichlet problem for the Laplace equa-
tion Au = 0 in the domain bounded by two concentric circles Ly and Lo centered
at the origin, of radii R; and Rs:

{um—i—uyy—o, R%<x2+y2<R§,

uln, = fi, ulr, = fa
Introducing polar coordinates (p, ), this Dirichlet problem can be recast as

p2upp+pup+u%0:0, Ry < p < Ry, 0 < ¢ < 2m,

u(R1, ) = fi(e), (1.1)
0 << 2m.

u(Ry, @) = fa(p),

The boundary functions f1(¢) and fa(¢) will be assumed to be 27-periodic.

To solve the problem we will apply Fourier’s method. Namely, we will seek the
solution in the form u(p, ) = R(p)®(y). Substituting this expression in equation
(1.1), we obtain

®p°R" + ®pR' + RY" = 0.

Next, dividing both sides of this equation by R® we get

2 pI / "
p“R" 4+ pR i)
R =5 (1.2)

V.P. Pikulin and S.I. Pohozaev, Equations in Mathematical Physics: A practical course, 7
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8 CHAPTER 1. ELLIPTIC PROBLEMS

One says that in equation (1.2) the wvariables are separated, since the left-
[resp., right-] hand side of the equation depends only on p [resp., ¢]. Since the
variables p and ¢ do not depend of one another, each of the two sides of equation
(1.2) must be a constant. Let us denote this constant by A. Then

pQR// + pR/ _ (b//

" —p =N (1.3)

It is clear that when the angle ¢ varies by 27 the single-valued function u(p, ¢) must
return to the initial value, i.e., u(p, ) = u(p, ¢ + 2m). Consequently, R(p)®(¢) =
R(p)®(p + 27), whence ®(p) = P(p + 27), i.e., the function ®(y) is 2m-periodic.
From the equation ®” + A® = 0 it follows that ®(p) = A cos(vAp) + Bsin(v/Ayp)
(with A and B arbitrary constants), and in view of the periodicity of ®(p) we
necessarily have A = n?, where n > 0 is an integer.

Indeed, the equality

Acos(VAp) + Bsin(VAp) = Acos[VA(p 4 27)] + Bsin[VA(¢ + 27)]
implies that
sin(a 4+ V@) = sin(a + Vg + 27V/\),
where we denote
. A B
sina = , cosa = .
VA2 + B2 VA2 4 B2
Therefore, sin(mv/A) cos(a + vV Ap + /) = 0, i.e., VA = 7, or X = n?,
where n > 0 is an integer. Now equation (1.3) yields
p’R" + pR' —n’R = 0. (1.4)
If n # 0, then we seek the solution of this equation in the form R(p) = p*.
Substituting this expression in equation (1.4) and simplifying by p*, we get

pr=n% or p=+n (n>0).

For n = 0 equation (1.4) has two solutions: 1 and In p. Thus, we now have an
infinite set of functions (“atom” solutions)
1, Inp,  plcos(ng),  p"sin(ng),
p~ " cos(nyp), p~ " sin(nep), n=12...,
which satisfy the given partial differential equation. Since a sum of such solutions
is also a solution, we conclude that in our case the “general” solution of the Laplace
equation has the form
u(p, ) = ag + b In p+

+ Z [(anp™ + bpp™") cos(np) + (cnp™ + dnp™") sin(ne)] . (1.5)
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It remains only to find all the coefficients in the sum (1.5) so that the bound-

ary conditions u(R, ¢) = f1(¢), u(Rz, ) = f2(p) will be satisfied. Setting p = R;
and then p = Ry in (1.5) we obtain

M8

u(Ry,p) = [(anRY + by, RT™) cos(np)+

3
Il
Ja

+ (enRY + dnRT™) sin(ncp)] +ao+boln Ry,

U(R27 90) =

WK

[(anRS + bnRQ”) cos(ny)+

3
Il
-

+ (cnRS + an;”) sin(ncp)] + ag + bo In Rs.

Recalling the expressions for the Fourier coefficients of a trigonometric series,
we arrive at the following systems of equations:

2m

1
ap +b0 lan = o fl(s) dS,
) o (1.61)
aq —|—b0 IDRQ = o fz(s) dS,
0
(to be solved for ag and by);
1 27
ap Ry + b0, R " = - /0 f1(s) cos(ns)ds,
Lo (1.62)
anRy + b, Ry " = - / fa(s) cos(ns) ds,
0
(to be solved for a, and by, ); and
1 27
cnRY +d R = s f1(s)sin(ns) ds,
(1.63)

1 27
cn Ry +bd, Ry = - f2(s) sin(ns) ds,
0

(to be solved for ¢, and d,,).

Thus, from these systems one can find all the unknown coefficients aq, bg, @,
by, ¢n, dp. Now the problem (1.1) is completely solved. The solution is given by
the expression (1.5), in which the coefficients are obtained from the systems (1.6).
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1.2. Examples of Dirichlet problem in an annulus

Example 1. Let us assume that the potential is equal to zero on the inner circle,
and is equal to cos ¢ on the outer circle. Find the potential in the annulus.
We have to solve the problem

Au =0, 1<p<2, 0<¢<2m,
{U(l»w) =0, u(2,9)=cosp, 0<p<2m,

in order to find determine the potential u(p, ¢) in the annulus.

Generally speaking, to solve this problem we have to calculate all the integrals
in the formulas (1.6), and then solve the corresponding systems of equations to find
the coefficients ag, by, an, bn, cn, d,. However, in the present case it is simpler to
try to choose particular solutions such that a linear combination of them will satisfy
the boundary conditions. Here such a role is played by the linear combination
u(p, ) = aipcosy + byp~tcosp. The boundary conditions yield the system of
equations

a1 +b =0,
by
5 =

from which we find a1 = 2/3, by = —2/3. Therefore, the solution is

2(11 + 1,

2 _
u(p,0) = 5 (p—p7") cos .
Example 2. Let us consider the following problem with constant potentials on the
boundaries of the annulus:
Au =0, 1<p<2, 0<¢<2nm,
{U(Lso) =2, ul2,p) =1, 0<p<2m
In this case we will seek the solution as a function that does not depend on ¢,

i.e., u(p) = ap + bp In p. Substituting this expression in the boundary conditions
we obtain the system of equations

ag + b() Inl = 2,
{a0+b01n2— 17
which yields ag = 2, by = —logs e. Therefore, the sought solution is the function

Inp

=2- .
u(p) In 2
Example 3. Let us solve the following Dirichlet problem

Au =0, 1<p<2, 0< <2,
{U(1,¢)=COS% u(2,p) = singp, 0<¢<2m.
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One can verify that here all the coefficients ag, by, an, by, ¢n, d, Wwith n > 1
are equal to zero, while the coefficients aq, by, ¢, di are determined from the
systems of equations

a;+b =1, c1+dp =0,
b d
2a1 + 21 =0, 2c1 + 21 =1.
Solving these systems we obtain
1 4 2 2
ay 3 ) 1 3 ) C1 3 ) 1

Thus, the solution of our problem is the function

(p,) 1 n 4 N 2 1\ .

u =|- cos — sin .

PP 3 P 3p 2 3 P 0 4

Since the Dirichlet problem for the Laplace equation in a bounded domain

has a unique solution, in examples 1-3 there are no other solutions besides the
ones found.

1.3. The interior and exterior Dirichlet problems

Let us consider the two very important cases in which the annulus becomes a disc
or the exterior of a disc. The interior Dirichlet problem (R; =0, Ry = R)

uw(R, @) = f(g), 0<¢p<2m,

is solved in exactly the same manner as the Dirichlet problem for the annulus,
with the only difference that now we must discard the solution “atoms” that are
not bounded when p approaches 0:

{p2upp+pu,,+uwz(), 0<p<R, 0Zp<2m,

In p, p~ " cos(nep), p~ " sin(nep), n=12...
Hence, the solution is given by the remaining terms, i.e.,
(o) p n
u(p, ) = Z (R) [ay, cos(ng) + by, sin(ne)],

n=0

where the coefficients a,, and b,, are calculated by means of the formulas

1 27
= d

a =, | f(p) de,
1 27

an = _ 1 () cos(ny) do, n >0, (1.7)

0

1 27

by = f () sin(nep) dep, n > 0.

™ Jo



12 CHAPTER 1. ELLIPTIC PROBLEMS

In other words, we simply expand the function f(y) in a Fourier series

[ee]

@) =3 [an cos(ng) + b, sin(np)]

n=0

and then multiply each term of the series by the factor (g)n For example, the
interior problem

Au =0, 0<p<l, 0<Zp<2m,
u(l,go):cosQLp, 0 << 2m,

has the solution 11
ulp,p) =, + , p* cos(2p).

The exterior Dirichlet problem (R; = R, Ry = o)

p2upp+pup+u<p¢=(), R<p<oo, 0<Z<¢p<2m,
u(R,¢) = f(p),  0<¢<2m,

is solved in much the same way as the preceding problem, with the difference than
now we discard the solution “atoms” that are not bounded when p goes to infinity:

Inp, p" cos(ny), p" sin(ny), n=12...

Accordingly, the solution is taken in the form

wp.0)= 3" (2) " lan costng) + busin(ng)]

n=0

where the coefficients a,, and b, are calculated by means of formulas (1.7). For
example, the exterior problem

Au =0, 1<p<oo, 0<p<2m,
u(1, ) = sin® ¢, 0<ep<2r

has the solution
1 1 1

3 . .
u(p, @) = 4 psmgof 4 r sin 3.

Let us note that the Dirichlet problem for the Laplace equations in an un-
bounded two-dimensional domain has only one bounded solution.

We conclude this section by examining another example, one exercise (the
Poisson integral), and a problem connected with the Poisson integral.
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Example [1]. Find the steady temperature distribution in a homogeneous sector
0 <p<a, 0<p<a, which satisfies the boundary conditions u(p,0) = u(p, o) =
0, u(a,p) = Ap, where A is a constant (see Figure 1.1).

Q

4 <

D C

: &

N A

AuzO\\z

o

0 u(p,0)=0 @ 7

FiGURE 1.1.

Solution. Finding the steady temperature distribution reduces to solving the Di-
richlet problem

p2u,)p—|—,0up—|—u<p<p=07 0<p<a, O0<p<a<?m,
U(p,O) :u(p7oz):07 0<p<a,
u(a,p) =Ap, 0<¢p<a.

Setting u(p, ¢) = R(p)®(p) and separating variables, we obtain two ordinary
differential equations:
p’R’ + pR — AR =0,

1.8
" + NP = 0. (18)

The conditions 0 = u(p,0) = R(p)®(0) and 0 = u(p, ) = R(p)P(«) yield ®(0) =
®(a) = 0. The separation constant A is determined by solving the Sturm-Liouville

AP =0, 0<¢<a,
3(0) = ®(a) = 0.

We get A\, = ("”)2 and

«

whence
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Using the fact that the function R(p) is bounded (according to the meaning
of the problem at hand), we write R,(p) = p"™/®. The atoms from which our
solution is built are the functions

Un(p, ) = p"™/* sin (mw) . on=12..
(6%

Thus, the solution itself is
> nmw
wlp,p) = 3 e/ sin ( N ¢).
n=1

The constants ¢, (n =1,2,...) are found from the condition u(a, ¢) = Ap. Since

oo
. (nw
u(a,p) = Z @™ sin ( “ <p) .

n=1

it follows that 5 ro
cpa™™ e = / Agpsin (mr go) de,
(6% 0 (6%

2A « nm 200A
= i dp = (—1)"*1 .
c /O sosm( o <p) o =(-1)

aa’nﬂr/a nr

and so

Finally, the solution of our problem is written in the form

20 &,y goyntasin ()
u(p,p) = W§;4> () ol

Notice that the solution has a singularity in the boundary point p = a, ¢ = «
because of the incompatibility of the boundary values.

1.4. The Poisson integral for the disc. Complex form.
Solution of the Dirichlet problem when the
boundary condition is a rational function R(sin ¢, cos ¢)

Recall that the solution of the interior and exterior Dirichlet problem is can be
presented in integral form (the Poisson integral):

0D = o [ g f@da, <R
u — a) da, ,
PPI= on o R?*—2pRcos(p—a)+p? p
12 P2 — R
,p) = da, > R.
(s ) 27 /0 R? — 2pRcos(p — a) + p? J(a)da, —p

Let us show that these formulas are a consequence of the general superposition
method.
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For the sake of definiteness we shall consider the interior problem, and then
write the result for the exterior problem by analogy.
Substituting the expression for the Fourier coefficients in the formula

i ( ) [an, cos(np) + by, sin(ny)],

we obtain

271'

u(p,p) =

Z ( ) cos(ng) cos(na) + sin(nep) Sm(na))] —

1
™ Jo

+Z(2) cos(n @a))] da.

Further, using the relation cos(n(¢—a)) = 3 (e~ + e=in(¢=)) the fact that
g = p/R < 1 and the formula for the sum of an infinite decreasing geometric
progresion, we get

! + i q" cos(n(p —a)) = ! + ! i q" {ei"(“’_“) + e_i”(“’_“)} =
2 n=1 2 2 n=1

1 > . n . n
_ in(p—a) —in(p—a) _
|1 3 [t (s -
1 in(p—a) —in(p—a)
_ 14 ge™ T qe e
2 1-— qe’”(‘{’ a) 1—gqe in(p—a)
1 1—¢? 1 R? — p?
2 1-2qcos(p —a)+q¢> 2 R2—2Rpcos(p—a)+p?
Therefore,
1 2m RZ _ p2
L) = da, < R.
ulp ) 27 /0 R2 —2Rpcos(p — a) + p? J(a)da r

Let us recast the Poisson formula in a different form (complex notation).
Note that

R2 _ p2 R2 _ |Z|2 Reia + 2z

= ) =R .
R?2 —2Rpcos(p —a) +p?  |Ret™ — 2|2 °Reie —
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because

Re'® + 2 _R (Rew + pei‘/’) (Ret> — pet#)

e e
Re™ — z (Ret™ — pei#) (Ret™ — pei®)
R2 — |Z|2 +pR [ei(w—a) _ ei(w—a)] R? — \2\2

= R . == . .
¢ | Rete — 2|2 |Reie — 2|2

Ri

It follows that the Poisson integral can be written in the form

1 [* Rel* 4z
=R . da.

u(2) e 27r/0 Reic — 5 f(a) da
If in this integral we set ( = Re’® and, accordingly, daw = d(/i¢, we finally obtain
d¢
C )
If the boundary function f(¢) is a rational function of sin¢ and cos ¢, then the
integral in formula (1.9) can be calculated by means of residues.

1 Mtz

wz) =Rey ] il

f©) 2| < R. (1.9)

Example. Solve the Dirichlet problem

Au =0, |z| < 2,
| 2sinp
Ul|sjme = .
21=2 7 5 1 3cos

Solution. We shall use formula (1.9). Let ¢ = 2¢'®; then

1 (¢ 2 C1(¢ 2
sin o = 9 (2 —<> cos = 9 <2+C>

and the boundary function becomes

2.1.€2_4
_ 2sina 2 2 B
U(C)5+3cosa5+3<ﬁ+2>

2\2 " ¢

2 -4 2 -4
03 420¢ 412 0 2\
3(C+6)(C+3>

Let us compute the integral

1 2(¢ - 4)(C +2)
J=_ i
2mi /<|2 i-3(C+6)(C+ 2)(4 —2)
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where the circle |(| = 2 is oriented counter- clockwise. In our case the integrand
F(¢) has in the domain |[¢| > 2 only one finite singular point ( = —6 — a pole
of order one — and the removable singular point ( = oo. By the Cauchy residue
theorem,

J = —res[F(¢)]¢=—6 — res[F(C)]¢=oo-

First let us find the residue at the point ( = —6;

2 32 z—6 4 z—6 2 6—2z

TeS[F(O]<:—6:3Z-'(_136) ’ (z+6)'6:_i ’ (z+6)~6:3i'6+z'

Next let us expand F(¢) in a series in the neighborhood of the point ¢ = co:

e (e) ()

1 2 1
F = ..
(©) 31 1_’_6 1+2 17'2 ¢ 3i C+ ’
¢ 3¢ ¢
whence
2
F oo = — ..
res{F(C)emoe = —
Therefore,
2 z2—06 2 2 2z 4z
J = + = =

3i 246 3 3i z+6 3i(z+6)

4 w4y 4 (v+iy)(6+a—iy)
3i 6+x+iy 3 (6 +2)2 + 12

)

which yields

8y
R J: 9
C T 36120+ a2 + 42
or
ReJ — 8psin ¢

36+ 12pcosp + p?

We conclude that the solution of our Dirichlet problem is given by the ex-
pression
8psinp

ulp,p) = 36+ 12pcosp + p?
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1.5. The interior and exterior Neumann problems for a disc

It is clear that in the case of a disc of radius R centered at the origin the exterior
normal derivative is Ou/0n|,—r = Ou/0p|,=r. Accordingly, the solution of the
interior Neumann problem is sought in the form of a series

u(p,p) = Z <g)n [an cos(ne) + by, sin(ny)] .
n=0

The coefficients a,, and b, of this series are determined from the boundary condi-
tion Ou/0p|,=r = f(p), i.e., we have

R 27T‘
an = [ () cos(nyp) dp,
o n=12,... (1.10)
_ R " 3 d
b= ; f(p) sin(nyp) dp,

Similarly, the solution of the exterior Neumann problem is sought in the form
of a series

upp) =3 (7)) " lan cos(ng) + busin(ne)).

whose coefficients a,, and by, determined from the boundary condition du/0p|,=r=
f (), are calculated by means of the same formulas (1.10) (here we use the fact
that du/On|,—r = —0u/0p|,=r)-

Example. Find the steady temperature inside of an unbounded cylinder of radius
R if on the lateral surface S there is given the heat flux Ou/dn|s = cos® ¢.

Solution. We have to solve the interior Neumann problem

Au =0, 0<p<R, 0<¢p<2nm,
du

:cos?’ga, 0< <27
ap bR

First of all we need to verify that the condition for the solvability of the Neumann
problem is satisfied, i.e., that fC gz ds = 0, where C' is the circle bounding our
disc.

Indeed, we have

27
/guds:/ cos® - Rdp =
c an 0

R 27 R 27
= / cosdp + / [cos(3¢p) + cos p]dp = 0.
2 Jo 4 Jo
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Next, since cos® ¢ = 2 cos o+ 411 cos(3¢p), it follows that a; = iR, as = 112 R, and all
the remaining coefficients in the series giving the solution of the interior Neumann
problem are equal to zero. Hence, the solution has the form

e

3p
CoS  + 12R

ulpp)=C+

5 €08(3p),

where C' is an arbitrary constant.

Remark. The Neumann problem can also be solved for an annulus. In this case
the boundary conditions specify the exterior normal derivative:

ou
dp

(B9 = hie). o (Reg) = o).

Here the solution exists only if the condition

27

2
R /O ~hie)de=Fa [ plo)de

is satisfied, and is uniquely determined up to an arbitrary constant.

1.6. Boundary value problems for the Poisson equation
in a disc and in an annulus

When we solve the Dirichlet or Neumann problem (or a problem of mixed type) we
need first to find some particular solution u; of the Poisson equation Au = f(z,y)
and then use the change of dependent variables u = u; + v to reduce the task to
that of solving the corresponding boundary value problem for the Laplace equation
Av = 0.

Example 1 [18]. Solve the Poisson equation
P*u  O*u

Ox? + oy? v

in the disc of radius R centered at the origin, under the condition u(R, p) = 0.

Solution. Passing to polar coordinates we obtain the problem

1
2p‘lsin(2<p), 0<p<R, 0<¢p<2m,

u(R, ) =0, 0<¢<2m.

p2upp + pup + Upyp = — (1.11)

We shall seek a particular solution in the form

u(p, p) = w(p)sin(2p).
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Substituting this expression in equation (1.11) and simplifying by sin(2¢) we ob-
tain the equation
1
pQw// +pw/ — 4w = _2 p4.
The substitution p = e! transforms (1.12) into the equation with constant coeffi-

cients

(1.12)

1
11}7410:7264’57 (1.13)
where the dot denotes differrentiation with respect to t. A particular solution of
equation (1.13) is w(t) = —,, €. Hence, w(p) = —, p* is a particular solution

of equation (1.12). Therefore, we can choose u1(p, @) = —,, p* sin(2p).

Now let us introduce the function v(p, ) = u(p,¢) — ui(p, ¢). Clearly, to
determine the function v(p, ¢) we must solve the following Dirichlet problem for
the Laplace equation:

pzupp+pvp+v¢¢=0, O0<p<R, 0<¢<2m,
1
v(R,p) = 94 R*sin(2¢), 0<p<2m.

But we already know the solution of this equation:
2 1 1
v(p,p) = (]p%) " 94 R*sin(2p) = o4 p*R*sin(2p).

Therefore, the solution of our problem is given by

1 .
u(p,p) =, P*(R" = p*)sin(2p).

Example 2. Find the distribution of the electric potential in the annulus a < p < b
if in its interior there are electrical charges with density v(z,y) = A(x? — y?), the
inner circle is maintained at the potential 1 and the intensity of the electric field
on the outer circle is 0.

Solution. The problem reduces to that of solving the Poisson equation Au =
A(z? — y?) in the annulus @ < p < b with the boundary conditions u|,—, = 1,
Ou/0p|p=» = 0. Passing to polar coordinates we obtain the problem

1 1 02
8(8u>+ au:Ap2cos(2<p) a<p<b 0<p<2m,

p Op pap p? 02
ou
u(a’(p):17 8p(ba(p):0a OSSOS27T

Let us seek the solution of this problem in the form u(p, ¢) = v(p, ¢)+w(p), where
the function w(p) is a solution of the auxiliary problem
10 <p ow
pop \" Op
w(a) =1, w'(b) =0,

=0, a<p<b,
) P (1.14)
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and the function v(p, ) is a solution of the problem

10 < 81)) 1 821] 9
P + o0, =4p cos(2¢) a<p<b, 0<¢<2n,
por o i (1.15)

v(a,p) =0, gga),@) —0, O0<p<om

Obviously, the solution of problem (1.14) is w(p) = 1. We will seck the
solution of problem (1.15) in the form v(p,¢) = R(p) cos(2¢). Substituting this
expression for v(p, ¢) in the equation (1.15) we obtain

1d 4
cos(2¢p pR") —  Rcos(2¢) = Ap? cos(2yp),
( )pd,o( ) i (2¢) (2¢)

or, simplifying by cos(2¢),
p’R" 4+ pR' — 4R = Ap?,

with the additional conditions R(a) = 0, R'(b) = 0. The substitution p = €'
transform this equation into the equation with constant coefficients

R — 4R = Ae't,

where the dot denotes differentiation with respect to ¢. The general solution of this
last equation is R(t) = Cye? + Coe™2" + |, Ae*". Back to the variable p we have

C

1
O 2 4t
R(p) = Cip* + 2 + 12Ae .

The constants C; and Cs are found from the conditions R(a) = 0, R'(b) = 0,
namely
—A(a® + 20%) o Aa*b* (20? — a?)

=

C1= 12(a* + b4) T 6(at+bY)

Hence, the sought solution is

6 6 4pd(op2 _ 42
Ala® +26) 5 ACHE—a®) 1A 4] 00),

:1 —
Up ) =14 1= o i gy P 6(a* +bY)  p2 12
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1.7. Boundary value problems for the Laplace and

Poisson equations in a rectangle
Example 1 [18]. Find the distribution of the electrostatic field u(z,y) inside the
rectangle OAC' B for which the potential along the side B is equal to V| while the

three other sides and grounded. There are no electric charges inside the rectangle
(Figure 1.2).

—0
B(0,b) - C(a,b)
0 =0 A0 %%

FIGURE 1.2.

Solution. The problem reduces to that of solving the Laplace equation ;41 = 0
in the interior of the rectangle with the boundary conditions

u(0,y) =V, wu(a,y) =0, u(z,0)=0, u(x,b)=0.

First we will seek nontrivial particular solutions of the Laplace equation which
satisfy only the boundary conditions

u(z,0) = u(x,b) =b

in the form u(z,y) = X(z)Y (y). Substituting this expression in the equation
Ugg + Uyy = 0 we get XY + XY = 0, which upon dividing by XY gives

Xl/ Y//
=— =\2%
X Y

Using the fact that Y(0) = Y (b) = 0, we obtain the Sturm-Liouville problem

Y + MY =0, 0<y<b,
Y(0)=Y(b) =0,

which yields the eigenvalues and eigenfunctions of our problem. We have

Ai:(ngr)Q’ Yn(y):sin(nbﬂy), n=12,...
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The corresponding functions X,,(z) are solutions of the equation X" — A\2X = 0,
and so nr nr
X, (z) = apcosh ( b x) + b,sinh ( b m)

where a,, and b, are arbitrary constants. It follows that the notrivial particular
solutions (“atoms”) have the form

un(z,y) = [ancosh (n;r sc) + b,sinh (n;r x)} sin (nb7r y) , n=12,...

Now for the sought solution of our problem we take the series

u(z,y) = i {ancosh (nbﬂ- x) + by, sinh (nbﬂ- x)} sin (nbﬂ- y) . (1.16)

The constants a,, and b, (n = 1,2,...) are found from the conditions u(0,y) =V,
u(a,y) = 0. Setting = a in (1.16) we obtain
- nm nm nw
0= [ancosh (7" a) + businh (7o) sin (%" v)
nz:;)acos ba + bpSIn ba sin by

whence nr nr
ancosh< b a)—i—bnsinh( b a) =0, n=12,...

Next, setting 2 = 0 in (1.16) we obtain
> nm
Vznzzoansin( b y) ,
which gives

2 /b Vsi (mr ) J 0, if n is even,
p = sin , or Gy = o
"b o b Y)Y " i‘; if n is odd.

’

Therefore, the solution has the form

. sinh | ZF+ D@ —2)m) o T2+ Dy
u(z,y) = 47‘: kzzo { - i)smh [(Jk _Zl[)ﬂa} b }

Example 2 [18]. Suppose that two sides, AC' and BC, of a rectangular homogeneous
plate (see Figure 1.2) are covered with a heat insulation, and the other two sides
are maintained at temperature zero. Find the stationary temeperature distribution
in the plate under the assumption that a quantity of heat () = const is extracted it.
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Solution. We are dealing with a boundary value problem for the Poisson equation
with boundary conditions of mixed type;

Q
k/_’
u(x,O) =0, uy(%b) =0, 0<z<a

Ugy + Uyy = — O<zx<a, 0<y<hb,

(here k is the internal heat conduction coefficient).
The eigenvalues and eigenfunctions of the problem are found by solving the
auxiliary boundary value problem (Sturm-Liouville problem)

X"+ 22X =0, 0<z<a,
X(0)=0=X'(a)=0.

2
We get \2 = [(2"2'21)”} and X,,(z) = sin [(2";;1)” z}, n=0,1,... We will seek

the solution of the above problem in the form of an expansion in eigenfunctions
(2 1
E Yo sm[ n )Wa:},
2a

where the functions Y;,(y) are subject to determination. Substituting this expres-
sion of the solution in equation (1.17) we obtain

_HZOY 2n—|—1) n[(2n;;1)7rx] HZOY,,() [(%QZU 4:
iansin[@n;l)ﬂ :r}

where the Fourier coefficients «, of the function —Q/k are equal to

2 QN . [@n+1)m B 4Q
ania/o <k>s1n[ 2a x] dxiilmr(Qn—i—l)’

This yields the following boundary value problem for the determination of
the function Y, (y), n=10,1,2,...:

2 122
7(n+)7rY

n = - ) 0 bu
4a? W) == ron + 1) <y<
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Solving this problem, we obtain

@2n+ 7w . 2n+ 7w 16Qa?
Ya = Un h bysinh )
(y) = ancos [ 2 7 *hnsin 2a km3(2n + 1)3
where
_ 16Qa?
n = km3(2n+1)3 7
and

2
b, 16Qa tanh [(271 + 1)wb y] .

B km3(2n +1)3 an 2a

The final expression of the solution is

50 2n+1)(b—y)m

16Qa? 1 cosh | TN oy

u(z,y) = 5 Z [ 1- sin x| .
km o (271 + 1) cosh |:(2n-2i-al)ﬂ'b:| 2a

Example 3 [18]. Find the solution of the Laplace equation in the strip 0 < z < a,
0 <y < oo which satisfies the boundary conditions

u(z,0) =0, wu(a,y)=0, wu(z,0)=A (1 — :r) , u(z,00) =0.

a

Solution. Thus, we need to solve the boundary value problem

Uz + Uyy = 0, 0<zx<a 0O0<y<oo,
u(0,y) =u(a,y) =0,  0<y<oo, (1.18)
u(x,O):A(lfx), u(x,00) =0, 0<z<a

a

Let us begin by finding the solution of the auxiliary problem

Vga + Vyy = 0, O<zx<a, 0<y<oo,
{U(O7y)—v(a7y)—0, 0 <y < oo,

in the form v(z,y) = X (2)Y (y). We obtain two ordinary differential equations:
(1) X"4+AX =0,and (2) Y =AY =0.

From the conditions v(0,y) = 0, v(a,y) = 0 it follows that X (0) = X (a) = 0.
Hence, the Sturm-Liouville problem

X"+ 2X =0, 0<z<a,
X(0)=X(a)=0



26 CHAPTER 1. ELLIPTIC PROBLEMS

yields A\, = (”;)2 and X, (z) = sin (”a” :U), n =1,2,.... Then the corresponding
solutions of the equation Y/ — \Y = 0 are

Y. (y) = Ape” "TY 4 Buea Y.
We conclude that
op(z,y) = [An(f " Y4 Bhe'a y] sin <n77 x) .
a

Therefore, the solution of problem (1.18) is given by a series

WK

u(,y) = 3 [Ane™ TV 4 Bue V] sin (" ). (1.19)

Il
—

n

From the condition u(x,c0) it follows that B, = 0, n = 1,2,.... Setting
y=01n (1.19) we get

A(= 1) =2 Ausin (7).

Anzfl/OaA(l—z)sin(n;x) dm:ij.

We conclude that

2A 1 s nmw
u(z,y) = Z e« Ysin ( ;r) .
T “—n a

n=

ie.,

Remark 1. The boundary value problem for the Laplace (Poisson) equation in a
rectangular parallelepiped is solved in a similar manner.

Remark 2. Let us assume that the mathematical model of a given physical phe-
nomenon is such that both the equation itself and the boundary conditions are
inhomogeneous. Then by using the superposition principle the original boundary
value problem can be decomposed into subproblems; one then solves the subprob-
lems and adds their solutions to obtain the solution of the original problem.

For example, the solution of the Dirichlet problem

Au = f in the domain €,
{ u = on the boundary 052,
is the sum of the solutions of the following simpler problems:
) { Au = f in the domain 2, ( { Au =0 in the domain 2,

u =0 on the boundary 052, u = on the boundary 0f2.



1.8. LAPLACE AND POISSON EQUATIONS IN A BOUNDED CYLINDER 27

1.8. Boundary value problems for the Laplace and
Poisson equations in a bounded cylinder

To treat the problems mentioned in the title we must resort to special functions,
more precisely, to Bessel functions.

First let us consider a boundary value problem for the Laplace equation in a
cylinder.

Example 1 [4, Ch. IV, no. 110]. Find the potential of the electrostatic field of a
cylindrical wire of section p < a, 0 < z <[, such that both bases of the cylinder
are grounded and its lateral surface is charged at a potential V{. Calculate the
field intensity on the axis (Figure 1.3).

z
u=0
__v
I
I
I
— Tur
0 ]
uw =0

FIGURE 1.3.

Solution. We need to solve the Laplace equation inside the cylinder with given
boundary conditions:

10 [ ou 0%u
p8p<p8p)+822_0’ O<p<a, 0<z<l,

u(p,()) :u(pvl) =0, 0<p<a,
u(a, z) = Vo, 0<z<l

(the solution u(p, z) does not depend on ¢ since the boundary values are indepen-

dent of ). Using the method of separation of variables, we represent the solution in
the form u(p, z) = R(p)Z(z). Substituting this expression in the Laplace equation

10 ou +82u_0
pOp p@p 022
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we get

0
Zpap(pR/) +RZ"=0

whence, upon dividing both sides by RZ,

0 p
PopPE) g

R +Z—07
or P
/
Pap(pR) _7Z” , (1.20)
R -z '

where A is the separation constant. Clearly, on physical grounds A > 0: otherwise
the function Z(z), and together with it the potential, would not vanish on the
upper and bottom bases of the cylindrical wire.

Equation (1.20) yields two ordinary differential equations:

(1) Z"+X\Z=0,

and

1d
2 R)—AR=0.
@) 5 oR)

Using the fact that Z(0) = Z(I) = 0, we obtain the standard Sturm-Liouville
problem:
{Z”+/\Z:0, 0<z<I,

Z(0)=2Z()=0.
This problem has the eigenfunctions Z,(z) = sin ("l” z)7 corresponding to the
eigenvalues \,, = (”l”)z, n=1,2,.... The function R(p) is determinded from the
equation
1d nm 2
R _( ) R=0 1.21
e = () , (121)

which is recognized to be the Bessel equation of index zero and imaginary argu-
ment. Indeed, from equation (1.21) it follows that

nm 2
pQR’/+pR’fp2( } ) R=0.
Passing in this equation to the new independent variable x = p "/ and using
the relations
_dR nrw R

=0 B il;? (M)Q’

l
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we arrive at the equation

d’R dR
2 — 2 =
da2 +x e z°R = 0.

Its general solution is written in the form
R(I) = 01[0($) + CQKQ(CZ‘),

where Ip(z) and Ky(z) are the Bessel functions of index zero and imaginary ar-
gument, of the first and second kind, respectively, and C; and Cy are arbitrary
constants. Since (the Macdonald) function Ky(x) — oo when x — 0, we must set
Cy = 0 (otherwise the solution of our problem will be unbounded on the axis of

the cylinder). Therefore,
n

Ry(p) =Cly ( ;T p) :

The “atoms” from which the solution of the original problem will be con-
structed are the functions

Ig(nlwp)sin(l;rz), n=12,...

Thus, the solution of our has the series representation

u(p, z) = i endo (n;r p) sin (nlﬂ- z) .
n=1

The constants ¢, are found from the boundary condition u(a,z) = V. We

have -
nmw nmw
Vo= (7 @)sin (") 2),
0 RZ::IC 0 I a | Sin I z
whence
4
nmw 2 [t . /nmw VO, n is odd,
cnIO( / a):l Vosm( / z) dz = nmw
0 0, n is even.

We conclude that

[(Qk + 1)m p} <in [(Qk Jlr 1)m z}

4V = 10 l
uzp) =" :
TS, [(Qk —;— 1)m a} 2k +1

The field on the axis of the cylinder is
2k + 1)m
( ) z

ey eos [T
E.(0,2) =~ (0,2) = zokzzo ]0{(2]“;1)”@] .

l
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Example 2 [18]. Consider a cylinder with base of radius R and height h. Assume
that the temperature of the lower base and of the lateral surface is equal to zero,
while the temperature of the upper base is a given function of p. Find the steady
temperature distribution in the interior of the cylinder.

Solution. The mathematical formulation of the problems is as follows:

10 ou 0%u
pap(pap>+822—0, 0<p<R, 0<z<h,

u(p,0) =0, ulp,h) = f(p), 0<p<R,
u(R,z) =0, 0<z<h.

Setting, as before, u(p, z) = r(p)Z(z) and substituting this expression in the
Laplace equation, we obtain two ordinary differential equations:

1d, , o
(1) pdp(pr)+/\T—0, (1.22)

(2) Z"—-\Z=0.

We note that here A > 0 (this will be clear once we find the solution). The
boundary condition u(R, z) = 0 implies r(R) = 0. Equation (1.22) can be rewritten
as

p°r" 4 pr’ + \p’r = 0. (1.23)

Passing to the new independent variable 2 = v/Ap we obtain the Bessel equation
of order zero P2 p
o dor r 9
T d? —I—zdx—i—x r =20,

whose general solution has the form
7’(%‘) = Cljo(.%') + CQB()(.%‘),

where Jy(x) and By(x) are the Bessel function of order zero of first and second
kind, respectively, and Cy, Cs are arbitrary constants.
Returning to the old variable p we have

7(p) = C1Jo(VAp) + CaBo(VAp).
Thus, in the present case solving the Sturm-Liouville problem

p’r 4+ pr’ 4+ NP =0, 0<p<R,
|r(0)] < oo, 7(R)=0

reduces to the solution of the Bessel equation with the indicated boundary con-
ditions. Since By(v/Ap) — oo as p — 0, we must set Cy = 0, and so 7(p) =
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CJo(V/Ap). From the condition 7(R) = 0 it follows that Jo(v/AR) = 0. Denoting by
U1y 42y« -« 5 fins - - - the positive roots of the Bessel function Jy(x) (Figure 1.4), we
obtain the eigenvalues \,, = (’j,g )2 and the corresponding eigenfunctions Jy (‘;‘ ),
n = 1,2,.... Further, from the equation (2) in (1.22) with A = A, = (%)2 we
obtain B p
Z.(z) = A, h( " ) Bn'h( " )
(x) cosh ("p 2 + Bpsin R

where A,, and B,, are arbitrary constants. From the boundary condition u(p,0) = 0
it follows that Z(0) = 0, i.e., A,, = 0 for all n. Therefore, the “atoms” of the sought
solution are the functions

Jo(g’p)sinh(/gz), n=12....

y
1
0.8
0.6

0.4 Jo()
0.2

2.4 5.5 8.7
2 4 6 ] '&0 x

—0.2
—0.4
FIGURE 1.4.

The solution of our problem is given by a series

= fn N o (Hn
2) =Y BuJ ( ) h( .
u(p, z) 2 o pp)sinh (T z)
The constants B, are found from the boundary condition u(p,h) = f(p). Indeed,

we have -
_ P\ ooy (Hn
u(p, h) = nE:1 B, Jo ( R p) sinh ( R h) ,

or

(6 = 32 B ("2 o) sams ("2 1)
n=1
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Multiplying both sides of this equality by pJy (” = p) and integrating the result
over the segment [0, R] we get

/OR pf(p)Jo (”}%” p) dp = By,sinh (Mé” h) /OR pJ3 (Mé" p) dp.

R 2
Hom R,
pJg p)dp="_ Ji(tm),
/0 O(R ) 2 1

where Jy(x) is the Bessel function of first kind and order one. Therefore, the
solution of the problem has the form

00~th J“n
= S ) [foon ()

But

Example 3. Find the potential in the interior points of a grounded cylinder of
height i and with base of radius R, given that in the cylinder there is a charge
distribution with density v = AzJy (2 p) (where A is a constant).

Solution. We must solve the Poisson equation with null boundary conditions:
10 ou 0%u 3
= —arazdy (1 )
pap<pap>+322 TR Y
0<p<R, 0<z<h, (1.24)
u(p,0) = u(p,h) =0, 0<p<R,
u(R,z) =0, 0<z<h.
Let us seck the solution in the form u(p, 2) = Jo (43 p) f(2), where the func-

tion f(z) is subject to determination. Substituting this expression of u(p,z) in
equation (1.24) we get

; ;lp {PCZOJO ('L;; P)} f(z)+ Jo (/ﬁ p) f(z) = —4wAzJy ('Lg’ p) . (1.25)

Now let us observe that the function Jo (2 p) is an eigenfunction of the
Bessel equation, i.e.,

vin i (5] = T () =0

Consequently, (1.25) gives

() (150 1+ (3 ) 10 = e ().
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which in turn yields the following ordinary differential equation for the determi-
nation of f(z):

71— (’g)Bf: —4nAz,  0<z<h,

with f(0) = f(h) = 0. Solving this boundary value problem we find that

inh H3
4rAR%*p S < R Z) 4T AR?
flz) =— 2 Wt T 12
3 3
(1)

Thus, the solution of our problem is given by the expression

wlprz) = J (/1,3 )47TAR2 sinh('ﬁz) .
‘\R 13 sinh(lgh)

1.9. Boundary value problems for the Laplace and
Poisson equations in a ball

To deal with the problem mentioned in the title we need to use spherical functions
and solid spherical harmonics.

Recall that the general solution of the Laplace equation has the following
form (in spherical coordinates (p, 8, ¢)):

(1) ul(p,0,0) =>.", (p)n Y, (0, ¢) in the interior the sphere of radius a;
(2) u(p,0,0) =307 (? )(nH) Y, (0, ¢) in the exterior of the sphere of radius a;
(3) u(p,b,0) => "4 <Anp” + pngl )Yn(ﬁ7 ) in a spherical layer.

Here

n

(0, 0) = Z nm €08(M@) 4 B sin(me)] P™ (cos 6),
m=0
where Pygm)(x) are the so-called associated Legendre functions.

Example 1. Find the solution u(p, 8, ¢) of the interior Dirichlet problem for the
Laplac equation with the boundary condition u(a, 8, ¢) = sin(36) cos .

Solution. In spherical coordinates the problem is written as follows:

1 0 5 O0u n 1 0 Singau n 1 82u_0
p2ap\” ap) T p2sing 96 90) " p2sin?0 0p2

0<p<a, 0<f<m 0<p<2m,
u(a, 8, p) = sin(36) cos p, 0<o<m 0<ep<2nr

(1.26)
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Setting u(p,8,9) = R(p)Y (0, ¢) and substituting this expression in equation
(1.26), we obtain

d, 5 1 9 (. oY 1 oY)
de(p R)—O—RLine Py <Sm9 30>+sin20 P =0,

which upon dividing both sides by RY yields

2
dd(sz,) 1 a(smgay)+ 1 Y
D

sinf 00 ol sin § Op? _
R + v =0,
. 0 Y 0%y
1 1
2 ! :
ap ") sino o0 (Sme ao) Tsin?g 0p2
R Y -
where A is the separation constant. This yields two equations:
(1) p*R’" +2pR — AR =0,
1 0 oY 1 8%y (1.27)
2 in@ AY =0;
@ no o0 (Sm ae> T gnzgap TA =0

here the function Y (6, ¢) must be restricted to the sphere.
Moreover, the function Y (6, ) satisfies the conditions

Y(0,90) =Y (0,0 +2m),
{ [Y(0,0)] <00, [Y(m,9)] < oco. (1.28)

As is known, the bounded solutions of equation (1.27) that have continuous
derivatives up to and including order two are called spherical functions.

The solution of problem (1.27),(1.28) for Y (6, ¢) will also be sought via sep-
aration of variables, setting Y (0, ¢) = T(0)®(y). Susbtituting this expression in
equation (1.27), we get

1 d 1
(0] in 0T’ To" T® =
sin@ df (sin 077 + sin? 0 A 0
whence p
sinf  (sin0T") %
d@T +)\sin29:—q; = U.

Thus, the function ®(¢p) is found by solving the problem

& + ud =0,
D(p) = D(p + 2m).
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We have already solved such a problem when we considered the Laplace
equation in a disc, and found that x4 = m? and ®,,(¢) = C} cos(mep) + Cy sin(mep),
where C7 and Cy are arbitrary constants and m = 0,1,...

The function T'(6) is found from the equation

1 d,. , m?
sind d9(51n9T)—0—<)\—Sin2 )T—O (1.29)

and the conditions that 7' be bounded at § = 0 and # = 7. Introducing the new
variable © = cos # and observing that

dT dx  dT
= — ' (—sing
dz o~ dz S0
T
T da?
equation (1.29) yields the following boundary value problem for eigenvalues and
eigenfunctions:

dr

" sin? 6 — cosd,
dx

da? dx
IT(-1)] < oo, |T(+1)] < co.

ET  dT 2
1-23)%" —2z +<)\—1m2>T:0, “l<z<l,
X

The eigenfunctions of this problem,
(M) () = P () — 2ym/2 A"
T (@) = P (@) = (1 —25)™" . Pa(2),
:L-m

are the associated Legendre functions. Hence, the solutions of equation (1.29) are
the functions T,Em)(z) =p{m (cosB).

Combining the solutions of equation (1.29) with the solutions of the equation
®” + p® = 0, we obtain the 2n 4 1 spherical functions

Py(cosf), P{™(cos8)cos(mep), P{™ (cos8)sin(mep),
n=0,1,...; m=12...

The general solution of equation (1.27) for A = n(n + 1) is written in the

form
n

Y.(0,0) = E [Aym cos(m) 4 By, sin(mep)] P™ (cos ).

m=0

Now let us return to the search for the function R(p). Setting R(p) = p°
and substituting this expression in the equation p?R” +2pR’ — AR = 0, we obtain
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o(c+1)—n(n+1) =0, whence 01 = n, 02 = —(n+1). Thus, the solution “atoms”
are the functions
p" P{™ (cos ) cos(m), p"P{™) (cos ) sin(me),
p~ (D) P (cos 0) cos(mp), p~ () PO (cos 0) sin(mep).

However, the solutions p~"+D PI™ (cos 0) cos(me), p~ "+ P™ (cos ) sin(mep)
must be discarded because they are not bounded when p — 0. Hence, the so-
lution of our problem is given by a series

u(p,0,0) = Z Z P" [Anm cos(mep) + B, sin my)] P(m) (cosf).
n=0m=0

It remains to choose the constants A,,,,, and By, so that the boundary con-
dition
u(a, 8, @) = sin(36) cos ¢

will be satisfied. We have

u(a,d,p) = Z Z Apm cos(m@) + Bpm sinme] P™ (cos §),

n=0m=0

i.e., we must satisfy the equality

sin(30) cos p = Z Z Ay c08(mp) + By sinmep] P (cos 6).

n=0m=0

It follows that in the sum )" _ -+ we must retain only the term corresponding
to m = 1. This yields

sin(36) = Z a™ A P9 (cos h).

n=1

The coefficients A,; can be found from the general formula: if

0) = Z b PV (cosh),

n=1

then
2n+1 (n—1)!

bn = 2 (n+1)!

/ f(B)PV (cos ) sin 6 db.
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However, it is more convenient to proceed as follows: we have

dP, 0
sin(36) = sinf(4cos? 0 — 1), P{V(cos) =sin d(c(cf;) 0 |
1

Pi(z) =2z, Ps(x)= 2(5963 — 3x).
Therefore,

(4C0829— 1)sinf =siné {wAn 1+a®- Ay - ;(1500520—3)} ,

which gives

1 8
Ay =— Az = App =0, =2,4,5,...
11 50 BT 5 1=0, n 5
We conclude that the solution of our problem has the form
1

— (PP st cos o+ 5 (P) PD (cos 0) cos
u(p,9,4p)f( 5)aP1 (0059)c05<p+15 (a) Py (cos ) cos p.

Example 2. Find a function u, harmonic inside the spherical layer R; < p < Ra,
and such that

Ulp=p, = Pz(l) (cosf)sin p, Ulp=R, = Pé3) (cosB) cos(3p).
Solution. The mathematical formulation of the problem is
Au =0, Ri<p<Rey 0<fO<m 0<p<2m,
u(Ry1,0,p) = PQ(I)(COS 0) sin p,

u(Ra,0,p) = Pr(g)(cos 0) cos(3¢p),

9

(see Figure 1.5).

P2(1) (cos @) sin

FIGURE 1.5.
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The solution of this problem is written in the form

o0 n Bnm
lpbe) =33 [(Anmp" " an) cos(mep) +
n=0m=0
n Dy . (m)
4 (Comp - Dt ) sinmi)| P (cos),

where the numbers A, Bnm, Cnm and Dy, are subject to determination. The
boundary conditions yield the following systems of equations for the coefficients
of the expansion:

D B
2 21 5 53
CQlRl + R% =1, A53R1 + R? =0,
B D
AnRi+ 2 =0, CssRY+ o =0,
Rl Rl
(1) . Do 2) By
Co1R5 + R% =0, A53R2 + Rg =1,
B D=
2 21 5 53
A21R2 + RS = 0, C53R2 + RS 0,

All the remaining coefficients are equal to zero. Solving the above systems
we obtain

Ry

Ag1 = Ba1 =0, Cs3 = D53 =0, Co = — 5 ;
R3(R3 — RY)

Dy = (FyRa)” Asg = — & Bss = (RaFi2)
R Ri(RY - RY)” R Ry

Therefore, the harmonic function sought has the form

21

D
u(p,0,¢) = (C21p+ 2 > PZ(D(COS ) sin @ +

B .
+ <A53p5 + ng) Péd)(cos 0) cos(3p).

Example 3 [6, 16.25(1)]. Find a function u, harmonic inside the spherical layer
1 < p < 2, such that
ou .2 .
3u+ = 5sin” fsin(2p) and  ulp=z = —cosb.
dp p=1
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Solution. The problem is formulated mathematically as follows:

Au=0, 1<p<2 0<b<m 0<p< 2,
ou L9

3u+ = 5sin” 0sin(2¢p), 0<O<m 0<¢p<2nm,

Ip p=1

Ulp—g = —cos b, 0<f8<m 0<¢p<2r.

We have

oo o0 . Bnm
u(p,H, 30) = Z Z |:<Anmp + pn+1) COS(?’TLQD)—F

n=0m=0

Dy, . m
+ (Cnmp" + pn+1> sm(mgo)} P{™ (cos ).

From the boundary conditions it follows that in this sum we must retain only
the terms with the indices n = 2, m = 2 and n = 1, m = 0. In other words, it is
convenient to seek the solution in the form

b d
u(p, 0, ) = (ap + 2) cos + <cp2 — 3> sin? 0 sin(2¢).
p p
Using the boundary conditions we obtain the following system of equations for the

determination of the coefficients a, b, ¢, d:

da+b=0,

5¢c =5,
2a + b4 == —1,
4c—d/8 = 0.

Solving this system, we obtain a = —1, b = 4, ¢ = 1, d = 32. Hence, the solution
has the expression

4 2
u(p,0,0) = <—p + p2) cosf + (p2 - ?;3> sin? @sin(2¢).

Example 4 [4, Ch. IV, no. 125]. Find the solution of the Neumann problem for the
Laplace equation in the interior of the sphere of radius a with the condition

gz (a,0,¢) = Acos (A = const).
Solution. We are dealing with the case of an axially-symmetric solution of the

Neumann problem for the Laplace equation, since the boundary condition does not
depend on ¢, and consequently the solution also does not depend of ¢: u = u(p, 9).
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First of all, it is readily verified that the necessary condition for the solvability
of our problem is satisfied. Indeed

27 T 27 ™
/ Ou ds =0, or / dap/ Acosfsinfa®df = 0.
0 o On 0 0

In the present case the Laplace equation has the form

0 50U 1 0 /. oOu
= < <60<m.
8p<p 8p)+sin989<sme > 0, 0<p<a, 0<6<m

Setting u(p, ) = R(p)T(0) and substituting this expression in the equation,
we obtain, after separation of variables, two ordinary differential equations:

p*R" 4+ 2pR' — AR =0, (1.30)
and
! d(' 0-T)+ AT =0 (1.31)
sinf do - '

If in the equation (1.31) we pass to the new variable z = cosf we arrive at
the Legendre equation

d L dT B
o [(lx)dx}Jr)\T—O, “l<az<l, (1.32)

under the condition |T'(£1)| < co. The bounded solutions of the Legendre equation
(1.32) on the interval (—1, 1) are the Legendre polynomials P, (z) for \,, = n(n+1).
Hence, the bounded solutions of equation (1.31) on the interval (0,7) are the
functions P, (cos). The bounded solutions of equation (1.30) are the functions
R.(p)=p" (n=0,1,2,...). It follows that

u(p,0) = Z Chp" Py (cos ),

n=0

where the constants C, are to be determined from the boundary condition du/dp =
Acosf. We have
ou >

9 (p,0) = ZnC,La"_an(cos 0),
P n=0
or, setting p = a,
Acosf = Z nCpna™ ' P,(cos 0)
n=0

whence, upon applying the formula

M1 [7
o, =t 1/ Acos 6P, (cos 0) sin 8 df,
2na™~1 J,
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we find that C; =1 and C,, =0 for n = 2,3,.... We conclude that
u(p,0) = C + Apcosb,
where C' is an arbitrary constant.

Example 3. Solve the following Dirichlet problem for the Poisson equation in a ball
of radius a centered at the origin:

Awu = xz in the interior of the ball,
{ Ulp=a = 1.

Solution. Passing to spherical coordinates, we will seek the solution as a sum

u(p,8,0) =v(p,0,0) +w(p),

where the function v(p, 8, ¢) is defined as the solution of the equation

1 0 2811+1 1 0 sin98v+
2 9p \" 9p) " p? sing 00 a0
1 1 9% p? .
+ 2 sin 0 02 =, cosy sin(26), (1.33)
0<p<a, 0<f<a, 0<p<2nm,
U(a’707<p):07

and the function w(p) is defined as the solution of the problem

1 d, 5,
w') =0, 0<p<a,
p? dp (o) P (1.34)
w(a) =1, |w(0)| < cc.
Let us solve first problem (1.33), seeking the solution in the form

v(p, 0, ) = R(p)PQ(D(cos 0) cos p,

where P2(1)($) is the associated Legendre function with indices n = 2, m = 1.
Substituting this expression of v(p, 6, ¢) in the equation of problem (1.33) and
denoting Pél)(cos ) cosp = Y2(1)(9, ) we get the equation

d 1 0 oYV 1 ov\Y pt
Y(l) 2 ! : 2 2 _ Y(l) )
2 dp (p R ) + Rsin@ 69 (Slne 80 + R sin2 9 8()02 6 2 (63 90)

But by the definition of the spherical function Y2(1)(9, ©) one has the identity

1 0 . 8Y(1) 1 82Y(1)
sinf 00 <81n9 829 - sin 6 3;2 +6Y2(1) =0, 0<f<m 0<¢p<2r.
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Therefore,
d 4
4p PR = 6RYSY = s,
which yields the equation
d 4
dp(sz’)—GR: % . O0<p<a,

together with the boundary conditions |R(0)] < oo, R(a) = 0. Therefore, the
function R(p) is determined by solving the problem

4
p2R”+2pR/f6R:%, 0<p<a,

IR(0)| < 00, R(a) = 0.
Its solution is R(p) = ¢, p?(p* — a?). The solution of problem (1.34) is w(p) = 1.
We conclude that
1
w(p,0,9) =1+ o p*(0" = a*) P} (cos ) cos o.

Remark 1. In the general case, when one solves the interior Dirichlet problem for
the Laplace equation with the condition u|sq = f(6,¢) (where Q is the ball of
radius a centered at the origin and 9f2 is its boundary), one can write

Z Z Apm c08(mp) + B sin(mep)] P{™ (cos ),

n=0m=0

where the coefficients A, and B, are given by the formulas

2 T
/ / £(8,0)P{™ (cos 0) cos(mep) sin 6 d6 dyp
o Jo

= ¥ 2ar
and or
/0 /0 £(8,0)P™ (cos 0) sin(me) sin 6 d dy
P = ¥ 2an |
also, .
P = o G Dy e o= {100

Remark 2. The solution of the aforementioned interior Dirichlet problem for the
Laplace equation at a point (po, 0o, ¢o) admits the integral representation (Poisson
integral)

27 s 2 2
a “=p i
u 397 = 97 Sln9d0d 7
(po, 6o, ¥0) 47r/0 /0 f(6:¢) (a® — 2apg cosy + p2)3/? ’

where cosy = cosf cos 0y + sin 0 sin Oy cos(p — o).
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1.10. Boundary value problems for the Helmholtz equations

The Helmholtz equations Au + k*>u = f and Au — k*u = f, alongside with the
Laplace and Poisson equations, are an important form of second-order elliptic
equation. The homogeneous equation (f = 0), for example, arises naturally (in
the multi-dimensional case) when the method of separation of variables is ap-
plied to hyperbolic and parabolic problems. Finding eigenvalues and eigenfunc-
tions reduced to the solvability of the corresponding boundary value problem for
a Helmholtz equation with f = 0.

Example 1 [4, Ch. VII, no. 29(a)]. Find the natural oscillations of a membrane that
has the shape of a annular sector (a < p < b, 0 < ¢ < ¢p), with free boundary.

Solution. The problem is formulated mathematically as follows:

10 [0u 1 0%u
0 9p \9p +p28902+/\u:07 a<p<b 0<p<pg,
ou ou
3p(a,so)= 8p(b,so)=07 0 < ¢ < o, (1.35)
ou ou
= = < < .
8@(/),0) ag0(/%@0) 0, a<p<b

We will seek the solution of this problem in the form

u(p, p) = R(p)®@(p).

Inserting this expression in equation (1.35) and separating the variables we obtain
two ordinary differential equations:

(1) " +vd =0,
and p
@) p g, (0R)+ (A\p* = )R =0.
To determine v we have the Sturm-Liouville problem

" +rv® =0, 0<p<ypo,
2'(0) =0, @'(po) =0.

2
This yields v, = (ZZ}’) ,n=0,1,...,and ®,(p) = cos (ZZ; go). The function R(p)

is obtained from the following boundary value problem for the Bessel equation

d
R+ (Ap?> —VvR) =0, a<p<b,
pdp(p )+ (Ao ) p (1.36)

R'(a) = R'(b) = 0.
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The general solution of equation (1.36) has the form
R(p) = C1J 7 (VAp) + C2Nze (VAp),

where C) and Cs are arbitrary constants and N w (v/Ap) is the Bessel function of
second kind. The values of A are determined by means of the boundary conditions
in (1.36); namely, they provide the system of equations

Ch1J%n (\/)\a) + CyNhn (\//\a) =0,
©0 ©0

C1J5en (VAD) + CyN'en (VAD) = 0.
©0 0

This system has a nontrivial solution if and only if its determinant
Jen (VAa) Nt (Va)
£0 0
Jhen (VD) N (VD)
Y0 Y0

is equal to zero. In other words, A, , = [,us,?)]Q, where us,?) are the roots of the

equation

J%}S(\/)\a) N’;g(\/)\a)
Lo (VAD)  Nw (VD)

Yo Y0

We see that the radial function has the form
Rnn(p) = (M%L)P)N’;g (p)a) — Jon (i @) Nz () p).
Thus, the natural oscillations of our plate are described by the functions

um,n(p7 ‘P) = Rm,n(p)q)n(‘:o) =

= (72 G2 0N () = T (820N i) cos (T ).
%0 0 ©0 ©o

1.11. Boundary value problem for the Helmoltz equation

in a cylinder

Example [4, Ch. VIIL, no. 10]. Find the steady distribution of the concentration
of an unstable gas inside an infinite cylinder of circular section assuming that a
constant concentration ug is maintained on the surface of the cylinder.

Solution. It is know that the problem of diffusion of an unstable gas that decom-
poses during the diffusion proces is described by the equation

Au — 7*u =0 (3> 0).



1.11. HELMOLTZ EQUATION IN A CYLINDER 45

Hence, in polar coordinates the problem is formulated as

10 [(0u 1 0%u 2
- =0 0 0< 2
pap<6p>+p28<p2 ©u =0, <p<a, o < 2m,

u(a, 90) = Uo, 0 < ¥ < 271—7

(1.37)

where a denotes the radius of the cylinder.
Let us seek the solution in the form u(p, ) = R(p)®(yp). Substituting this
expression in equation (1.37) we obtain

1d

R
b dp (pR)® + 2 " — 5RO =0,
or L d
p (pR') "
p dp _%2p2:_‘1) -\
R o '
This yields two ordinary differrential equations:
(1) &'+ 20 =0,
and

@ » ;i(pR’) (2P + MR =0,

From equation (1), by using the fact that ®(¢) = ®(¢+7), we obtain A = n?
(n =0,1,2,...) and ®,(¢) = A, cos(ny) + By, sin(ny), where A,, and B,, are
arbitrary constants.

Further, equation (2) yields

p*R" + pR' — (52p* +n*)R = 0.
After the change of variables x = »p we obtain the equation

d’R dR
2 — 2 2 =
o +z i (z*+n*)R =0.

This is recognized as being the Bessel equation of imaginary argument of
order n. Its general solution has the form

R(z) = C1 1, (x) + Co Ky (x),

where I,,(z) and K, (x) are the cylindrical functions of imaginary argument of first
and second kind, respectively. Clearly, we must put Cy = 0 because the solution
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is required to be bounded on the axis of the cylinder (K, (z) has a logarithmic
singularity as x — 0). Returning to the original variable we write

R(p) = Cl(3p),

where C' is an arbitrary constant.
Thus,

o0
u(p, ) = Y [An cos(ng) + By sin(ng)] I(5p),
n=0
where the constants A,, are determined from the boundary condition. Namely, we

have
o0

u(a, @) = Y [An cos(ng) + Bnsin(ng)] In(5p),

n=0

and since u(a, ) = ug, we see that Ag = ug/Io(sa), while all the remaining terms
of the series are equal to zero. Hence, the solution is

Io(52p)

u(p, ) = uo Io(oea)’

1.12. Boundary value problems for the Helmoltz equation in a disc
Example 1. Solve the following boundary value problem for the Helmholtz equation

in a disc:
u(a, o) = flg),  0<¢<2m

here one assumes that k2 is not equal to any of the eigenvalues A of the homoge-
neous Dirichlet problem for the equation Au + Au = 0.

{Au—l—kQu:O, 0<p<2m, 0<p<a,

Solution. Using again separation of variables, we write u(p, ) = R(p)®(y), which
upon substitution in the Helmoltz equation yields

1d 1
pdp(pR’)-CI>+Rp2<I>”+k2R<I>:O.
Hence,
(o)
pdpp +1622:7(1)//:)\
R P ’

where A is the separation constant.
The eigenvalues and corresponding eigenfunctions are obtained as the solu-
tions of the already familiar problem

o + \® =0, —00 < p < 00,
D(p) = D(p + 2m).
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Hence, A = n? and ®,,(¢) = C; cos(np) + Casin(ng), n =0,1,2,.... Since
d

R/

%Ap)

k2% — )\
r ’

we obtain the following equation for the determination of R(p):

d
pdp(pR’) + (k*p? —n*)R = 0. (1.38)

Denoting = = kp, we rewrite (1.38) in the form

d’R dR
2 2 _ 2
ﬂcdxz—l—xdw—l-(sc n“)R =0.

This is the Bessel equation of order n and has the general solution
R(z) = C1Jn(x) + CoY, (),

where J,(z) and Y,,(z) are the nth order Bessel functions of the first and second
kind, respectively, and C7, Cs are arbitrary constants.
Therefore, the solution of equation (1.38) has the form

R(p) = C1Ju(kp) + C2Yn(kp).

Since Y,,(kp) — oo as p — 0 and we are interested in bounded solutions, we mus
take Cy = 0. Thus, R, (p) = J.(kp) and the solution of our problem is represented

as a series
oo

u(p,p) = Z [A,, cos(np) + By, sin(ne)] J.(kp). (1.39)

n=0

The constants A, and B, are found from the boundary conditions. Setting
p =a in (1.39), we obtain

oo

flo) = Z [A;, cos(np) + By, sin(np)] Jn(ka),
n=0
whence
1 27
A = =0,1,...
n 2ng(ka)]g fl@)cos(np)dp,  n=0,1,...,
and

1 2T

Bu= o g ka) J, flp)sin(np)dp, n=1,2,....
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In particular, if f(p) = Asin(3¢), we have

A
B = An = ) = ) ]‘? A ; Bn = ) )
3 Js(ka)’ 0, n=0 0, n#3
and the solution has the expression
A
= kp) si .
u(p, @) Ja(ka) J3(kp) sin(3¢)

Problem 2. Solve the following Dirichlet problem for the Helmoltz equation:

Au + k*u =0, 0<p<2m, p>a,

ulp=a = f(), 0<¢p<2m,

u, +ikp = o(p~'/?) as p— occ.
Solution. Here, as in the preceding example, we will use separation of variables to
find the solution. The only difference is that in the present case, in order to make

the solution unique, we must impose for n = 2 the radiation condition (Sommerfeld
condition)

B
az +ikp=o(p~'/?), p— o0

The solution of problem (1.38) takes now . the form
R(p) = CLHD (kp) + CHP (kp),

where HS" (z) and J2e3 (x) are the Hankel functions of index n of the first and
second kind, respectively. The behavior of the Hankel functions at infinity p — c0)
is given by the asymptotic formulas

HV(z) ~ \/;x eilz=3 1) [1 +0 (i)} ,
HP () ~ \/fx e~ie=73=1) [1 +0 (i)] .

It readily checked directly that the radiation condition is satsified by the function
H? (kp).
We see that the solution of the above exterior Dirichlet problem for the the

Helmholtz equation is given by the series
oo

and

u(p,p) =Y [Ancos(ng) + By sin(p)] HY (kp),
n=0
where the coefficients A,, and B,, are given by the formulas
1 27
n = f(p)cos(np)dp, n=0,1,...
QWHT(LQ)(]C(Z) 0
and
L7 Hesintng) d
A, = fle)sin(np)dep, n=12...
QNH,(LZ)(Im) 0
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1.13. Boundary value problems for the Helmoltz equation in a ball
Let us consider several examples of solutions for the interior and exterior Dirichlet

and Neumann boundary value problems in a ball.

Example 1 [4, Ch. VII, no. 12]. Find the steady distribution of the concentration
of an unstable gas inside a sphere of radius a if on the surface of the sphere one
maintains the concentration u|gg = ug cos € (ug = const).

Solution. The problem is formulated mathematically as follows:

1 0 ( 50u n 1 0 Smaau CPu—0
p? Op P dp p2sind 96 00 o

O<p<a, 0<O<m,
u(a,d) =wugcosf, 0<6<m.

(1.40)

As before, let us seek the solution in the form
u(p,0) = R(p)T (6).
Substituting this expression in equation (1.40) we obtain

1 1
p? sin 6

10

8 . / 2 _
2 0p R-ae(smﬂ T)—x*RT =0

(P*R)-T +
whence, upon dividing both sides by RT,

9 2 p/ 1 0
p°R ing. T’
25" )7%2p2:7sin9 op S0 T)
R T
This yields two ordinary differential equations:

d

(1) dp(p2R’) — (2" + AR =0,

and
@) L0 Gno. 1)+ 2T =0
sin @ 00 o

Performing the change of variables = cos# in equation (2) (and using the
conditions |T'(0)| < oo, |T'(7)] < 00), we find the eigenvalues and eigenfunctions

An =n(n+1), Tn(0) = Pp(cosf), n=0,1...,

where P, (x) are the Legendre polynomials.
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Equation (1) is readily reduced, via the substitution v(p) = \/pR(p), to the
form (for each n)

2
1
PP+ pv’ — {(%p)2 + (n + 2> }v =0.
The corresponding bounded solutions of this equations are

Un(p) = CIn+1/2(%p)a

where I,,11/2(x) are the Bessel functions of half-integer order and imaginary ar-
gument. Then
In+1/2(%P)

VP

Therefore, the solution of our problem is given by the series

Rn(p) =

ZC n+1/2 (52p) Py (cosh),

n=0
where the constants C,, are determined from the boundary conditions. Specifically,

o In
ug cos ) = E C, ,+1\//2(%a) P, (cos ).
a
n=0

This yields C1 = ugv/a/I3/2(5a) (the remaining coefficients are equal to zero).

Finally,
va I3 s (sp)
0
VP 1I3/2(5a)
Example 2 [6, Ch. IV, 18.51]. Solve the Neumann problem for the equation Au +

k*u = 0 in the interior as well as in the exterior of the sphere p = R, under the
condition du/0n|,=r = A, where A is a constant.

u(p,0) =

Solution. (a) The interior Neumann problem can be written as follows:

Lo 0u) 20 0<p<R 0<b<m 0<g<orm (1.41)
2 op \" ap
ou
— A, 0<f<m 0<p<om (1.42)
6’npR

Since p12 op (p2 g;j) = (pu)”, equation (1.41) can be recast as

o'+ k=0, v(p) = pu(p).
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The general solution of this equation is
v(p) = Cy cos(kp) + Casin(kp),

and consequently

u(p) = O coslik,o) e sm(pkp) .

51

Since the solution must be bounded at the center of the ball, we must put C; = 0,

and so in(kp)
sin
u(p) =™
p
Now let us calculate the normal derivative:
ou Ou kcos(kp) - p — sin(kp)

8n:6p:C P> '

Further, using the boundary condition (1.42) we obtain

Rk cos(kR) — sin(kR)
C R = A,

whence

o AR?
~ kRcos(kR) —sin(kR)"

We conclude that the solution of the interior problem has the form

B AR? sin(kp)
ulp) = kRcos(kR) —sin(kR)  p

(b) The exterior Neumann problem reads:

1
2§(ngu>+k2u:0, p>R, 0<0<m 0<¢p<2nm,
p? dp p
ZZ =A, 0<6<m 0<¢p<2m
p=R

u, —iku=o(p~t) asp— oo.

As in item (a), equation (1.43) can be recast as
v+ k=0, v(p) = pu(p).
The general solution of this equation is

v(p) = Cre'*P  Che ke, p — 0.

(1.43)

(1.44)

(1.45)
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Therefore,

eik

Let us verify that the function u;(p) = pp satisfies the Sommerfeld condition

0
gy~ ik =0l (p—00)
i.e., that
lim {p (a“ - zkul)} - 0.
p—00 Op
Indeed,
o 1 ikp ikp 1
p( uikm) p(ikul ulikul) —_° and € < .
dp P P P P

It follows that to pick a unique solution we must set Co = 0, and then u(p) = C eisp .
Now let us calculate the normal derivative:

ou _ Ou_ 0 Ce““”
on  Op  Op '

p
We have ou Cuoio
on = (1 —ikp),
and the boundary condition (1.44) yields
AR?

¢= ¢ikR(1 — ikR)

Thus, the solution of the exterior Neumann problem is given by the formula
AR? etkp
wP) = Likr(1 — ikR)
Example 3 [6, Ch. V, 18.53]. Solve the Dirichlet problem for the equation Au —

k2u = 0 in the interior and in the exterior of the sphere of radius p = R with the
condition u|,—r = A, where A is a constant.

Solution. (a) First let us solve the interior Dirichlet problem

Au — k?u =0, 0<p<R, O0<f<m 0<¢p<?2m,
ulp=r = A, 0<6<7m, 0<¢p<2m
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By analogy with Example 2, we must solve the equation v” — k*v = 0, where
v(p) = pu(p), which has the general solution

v(p) = Cy sinh(kp) 4+ C cosh(kp).

Therefore,
sinh(k cosh(k
ulp) = Cy p(p)+02 p(p).

where C7 and C5 are arbitrary constants.
Note that cosh(kp)/p — oo as p — 0. Hence, we must put Co = 0, and the

solution has the expression

sinh(kp
u(p) = ¢ SMP)
p
The constant C' is determined from the boundary condition u(R) = A, ie.,
C sinh(kR)/R = A, which yields C' = A R/sinh(kR). We conclude that the solu-

tion of our problem is
R sinh(kp)
=A .
u(p) p sinh(kR)

(b) Now let us solve the exterior Dirichlet problem

p>R, 0<fO<m 0<p<2m,

Au — k*u =0,
0<0<m 0<p<2r,

u|p:R:A,
u(p) = 0 as p — oo.

In this case
P P
Since the solution of the exterior problem must satisfy u(p) — 0 when p — oo, we

must put C; = 0. Therefore,

The boundary condition u|,—p = A yields C = AR/e~*%. We conclude that the

solution of our problem is
R ek

u(p)=A ) ek
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1.14. Guided electromagnetic waves

In this section we will conisder problem connected with steady processes of prop-
agation of electromagnetic waves in systems that have the property of producing
conditions under which waves propagate essentially in a given direction. Such waves
are know as guided waves, and the systems that guide them are called waveguides.

The basic tool that we will use to simplify the analysis of such problems is
the representation of elecctromagnetic waves as a superposition of waves of several
types.

Let us assume that the xs-axis coincides with the direction of wave prop-
agation. The electromagnetic field of the wave is described by six components,
FEy, Es, E3, Hy, Hy, H3, of the electric and magnetic field vectors. Let us write
them in matrix form:

[0 E, o0 [Ey 0 B
A_{Hl 0 Hs] B_[o H, 0]'

It is clear that the electric field vector (0, F2,0) is orthogonal to the direction
of propagation of the wave, whereas the magnetic field vector (Hy,0, H2) has a
nonzero component along that direction. In the matrix B the vector (E1,0, E3) has
a nonzero component along the zz-axis, whereas the vector (0, Hz,0) is orthogonal
to the zs-axis. In connection with this circumstance the waves characterized by
the matrix A are referred to as transversally-electric (TE-waves), while those char-
acterized by the matrix B are referred to as transversally-magnetic (TM-waves).

It is convenient to consider that an electromagnetic wave is a TE-wave [resp.,
TM-wave] if E5 = 0 [resp., Hz = 0].

There exists also waves of a third type, characterized by the matrix

[E. B 0
C{Hl Hy 0}

These are called transversally- electromagnetic waves, or TEM-waves.

Example. TM-waves in a waveguide of circular cross section.

Let us consider the propagation of TM-waves in an infinitely long cylinder
of radius a. It is known that this problem is connected with the solvability of the
following Dirichlet problem for the Helmholtz equation:

10 ([ OFEs 1 02F;
pop \” ap p? O0p?
E3(a7()0) :Oa OS()OS2777

+0%F5 =0, O0<p<a, 0<yp<2m,

where 62 is a real constant.
Separating the variables by means of the substitution E5 = R(p)®(yp), we
arrive at the equations

{@”+Aq>_o,

1.46
pQR//+pR/+(62p2_)\)R:O7 ( )
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where ) is the separation constant. Since ®(¢) = ®(¢+27), it follows that A = n?,
n=20,1,2,...

The change of variables = dp takes the second equation in(1.46) into the
Bessel equation of order n in the new variable z. Since |R(0)| < oo and R(a) =0,
we have

R(p) = Jn(Snmp)-

Here pm = pinm/a, where ., is the mth positive root of the nth order Bessel
function J, ().
Therefore, our problem admits the following particular solutions:

Es3 pm = Jn(0nmp) [Anm cos(ng) + By, sin(ne)] ,

where A,,,,, and B,,,, are arbitrary constants. Each of these solutions corresponds to
a certain TM-wave, which can propagate without damping in the given waveguide.

Remark 1. The propagation of a TE-wave in an infinitely long cylinder is associated
with the solvability of the Neumann problem for the Helmoltz equation:

18 [ 0H 1 0%H.
( 3) S 1 0%H, =0, O<p<a, 0<¢<2m,

pop \" ap p? 0p?
OHs

ot (a,¢) =0, 0 < <2m;

here 77 is the unit outer normal of the cylindrical waveguide.
By analogy with the preceding example, we obtain

H3 pnm = Jn(0nmp) [Anm cos(ng) + B sin(ne)],

where now d,,,, = A\nm/a, with A,,, being the mth positive root of the equation
dJ,(z)/de =0,n=0,1,2,...

Remark. 2 If the component Es5 (or Hj) is known, then the other components of
the electric and magnetic field vectors can be found by only one differentiation
(this follows from the Maxwell equations for the electromagnetic field).

1.15. The method of conformal mappings
(for the solution of boundary value problems in the plane)

Methods of the theory of functions of a complex variables found wide and effec-
tive application in solving a large number of mathematical problems that arise
in various fields of science. In particular, in many cases the application of com-
plex functions yields simple methods for solving boundary value problems for the
Laplace equation. This is the result of the intimate connection between analytic
functions of a complex variable and harmonic functions of two real variables, and
also of the invariance of the Laplace equation under conformal mappings.
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Suppose one wants to solve the Laplace equation uzg + tyy = 0 with some
boundary condition in a domain of complicated shape in the plane of the variables
x, y. This boundary value problem can be transformed into a new boundary value
problem, in which one is required to solve the Laplace quation ug¢ + Uy, = 0 in a
simpler domain of the variables £, 1, and such that the second domain is obtained
from the first one via a comformal mapping ¢ = f(z), where z = z 41y, ( = {+in,
and u(¢) = u(z) for ¢ = f(z) (Figure 1.6).

y A Original boundary nA
condition New bounary
Domain condition
of complex .
Domain
shape .
_ Conformal of simple
Ugg + Uyy = 0 )
mapping shape
Uge + Upy =0
0 T 0 6
Ficure 1.6.

Once the solution u(&,n) of the Laplace equation in a simple domain (disc,
half-space, rectangle) is found, it suffices to substitute in that solution the expres-
sions & = &(x,y), n = n(x,y) in order to obtain the solution u(x,y) of the original
problem, expressed in the original variables.

Let us give several examples to show how to solve boundary value problems
for the Laplace equation (in the plane) by means of conformal mappings.

Example 1 [6, Ch. V, 17.13(4)]. Find the solution of the equation Au = 0 in the first
quadrant z > 0,y > 0, with the boundary conditions u|z=o = 0, u|y=o = 0(z — 1),
where §(z) =1 if z > 0, 8(z) = 0 if < 0 is the Heaviside function.

) n
z=x+1y C=¢&+1in
4 =22
—_
4
3 2 by
2 2 3
6
1 x 3 0 1 13

FIGURE 1.7.
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Solution. Clearly, the function ¢ = 22, defined in the first quadrant of the complex
z-plane, maps this domain into the entire half-plane 1 > 0 of the complex (-plane
(Figure 1.7), in such a manner that:

the positive x-semiaxis is mapped into the positive real {-semiaxis;

the positive y-semiaxis is mapped into the negative real £-semiaxis.

Thus, we arrive at the following conclusion:

Boundary value problem Boundary value problem
in the plane (z,y) in the plane (&, 7)
AUZO, $>an>07 Aﬂ:O, 7]>O,
ulz=0 =0, y >0, — - {1 ife>1,
Ulp—p =
Uly=o =0(x — 1), x>0, =0 0 ife<.

Notice also that from the equality ¢ = 22, i.e., £ +in = (z + iy)?, it follows
that £ = 22 — y? and n = 2xy.
The solution of the Dirichlet problem in the (£,7)- plane is given by the

Poisson integral
_ o [ a(t,0)dt
wen =1 o ter e

Imposing the boundary condition on %(&,0), we obtain

~ n [~ dt 1 t—¢|™°
= = 1 =
u(&,m) 7T/—oo (t_f)2+772 7Tarc an -

1 (77 1— 5) 1 1 1-¢
= — arctan = _— arctan .
2 n 2 7 n

If we now write 22 — 42 instead of ¢ and 2zy instead of 7, we obtain the solution
of the original problem in the form

11 y?—a?+1
u(z,y) = o~ Warctan oy .
Example 2 [6, Ch. V, 17.14(2)]. Find the solution of the Dirichlet problem for
the equation Au = 0 in the strip 0 < y < m, with the boundary conditions
Uly=0 = 0(x), ul|y=r = 0.
Solution. The complex function { = e?, defined in the strip 0 < y < 7, maps this
strip into the entire half-plane 7 > 0 of the complex ¢(-plane (Figure 1.8), in such
a manner that:

the positive z-semiaxis is mapped into the positive {-semiaxis [1, 00);

the negative z-semiaxis is mapper into the interval (0, 1);

the line y = 7 is mapped into the negative ¢-semiaxis.
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Y n
2 =1x+1iy \\\szer
u = Al =0
N N
Au =20 \
1
u=0(x) 0O x =0 u=1 ¢
FiGure 1.8.
Thus, we arrive at the following conclusion:
Boundary value problem Boundary value problem
in the plane (z,y) in the plane (§,7)
Au=0, —oco<z<oo 0<y<m, Au=0, n>0,
Uly=0 = 0(x), —o0o <z <00, — i { 1 ife>1,
Ulp=0 =
Uly=r =0, —00 <z < 00, =0 0 ife<1.

Notice also that £ = e” cosy and n = e siny. As in Example 1, we have

1-¢

~ 1 1
u(&,n) = g~ 71_arctaun

and so the solution has the form

1 1 e —cosy
u(zr,y) = _ — arctan . .
2 siny

Example 3 [6, Ch. V, 17.18]. Find the solution of the Dirichlet problem

{AU—O, Rez >0, |z—5|>3,

U|Rez:0 =0, u|\275|:3 =1

Solution. First let us draw the domain D where we must solve the Dirichlet problem
(Figure 1.9). It can be regarded as a eccentric annulus (indeed, a line is a circle of
infinite radius). Let us find a conformal mapping of D onto a concentric annulus.
To this purpose let us find two points that are simultaneously symmetric with
respect to the line Re z = 0 and with respect to the circle |z — 5| = 3. Clearly, such
points must lie on the common perpendicular to the line and the circle, i.e., on
the real axis. From the symmetry with respect to the line Rez = 0 it follows that
these are precisely the points 1 = a and xo = —a with a > 0. The symmetry with
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z=a+ 1y

NN

<
q
-

FIGURE 1.9. FIGURE 1.10

respect to the circle |z — 5| = 3 translates into the equation (54 a)(5 —a) =9,
which yields a = 4.

Let us show that the conformal transformation we are seeking is given by the
linear-fractional function
z—4
244"

(= (1.47)
Indeed, this mapping takes the line Re z = 0 into a circle . Since symmetry must
be preserved, the points z; = 4 and 2z, = —4 are taken into the points { = 0
and ¢ = oo, respectively, which are symmetric with respect to the circle . Hence,
¢ = 0 is the center of v. Further, since the point z = 0 is taken into the point
¢ =1, v is the circle |(| = 1 (Figure 1.10).

Now let us show than under the above mapping the circle |z —5| = 3 goes into
the circle |¢| = 1/3. Indeed, the linear-fractional-transformation (1.47) takes the
circle |z — 5] = 3 into a circle, of radius (| = |(2 —4)/(2+4)| = 1/3. We see that

1

(1.47) maps the domain D conformally onto the concentric annulus 5 < |¢] < 1.

We conclude that the given boundary value problem in the plane (z,y)

Au=0, Rez>0, |z—5=3,
u‘Rez:OZOa

ulj;—s5)=3 = 1,

is transformed into the following boundary value problem in the plane (£, 7):

1
Ai=0, <<, (1.48)
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Let us solve the problem in the annulus 1/3 < [{] < 1 (in the plane (£,7)).
Since the boundary conditions (1.49) do not depend on the polar angle ¢, it is
natural to assume that the solution %(¢) depends only on the variable p (here
& =pcosp, n = psinp). To find this solution, we rewrite the equation Aw in the

form 6‘1 (p gg = 0. The general solution of this equation is

w(¢) =c1+c2lnp,

where ¢ and ¢y are arbitrary constants. Imposing the conditions (1.49), we obtain
c¢1 =0, ca = —1/1n 3. Therefore,

. 1
W(Q) =~ lcl,  because p = |¢|.

To find the solution of the original problem it suffices to return to the variable z,
using (1.47), which finally yields

1
“2) =g

z+4
z—4|

1.16. The Green function method

Definition of the Green function. Let us consider the boundary value problem

Au = f in the domain €,

1.50
(alu + asg gz> =g on the boundary 0. ( )

We shall assume that the function u(z) is continuous together with it first-
order derivatives in the closed domain 2 C R", bounded by a sufficiently smooth
hypersurface 952, and has second-order derivatives that are square integrable in
Q. Here 71 is the outward unit normal to 92 and «ay, s are given real numbers
satisfying o2 + a2 # 0; v = (z1,... ,T,).

The Green function method for solving such problems consists in the follow-
ing. First we solve the auxiliary problem (see [1])

AG = —6(x,x0), x0€Q,

oG
<041G + Q2 8n)

where § = 0(z, ) is the o-function, which can formally be defined by the relations

0, if , 1, ifxg €9,
0(x, o) = 1 z 7 o , / 0(x, xo)dx = 1 o
o0, if z = xg, Q 0, ifxg ¢ Q,

(1.51)

= O’
o0
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where zo = (zo1,... ,Zno) (the notation dz is obvious). The main property of the
o-function is expressed by the equality

[ fo), itwmen
/Qé(x,xo)f(l')dx = { 0, if zo ¢ Q,

where f(z) is an arbitrary continuous function of the point x.
Definition. The solution of problem (1.51) is called the Green function of problem
(1.50).

We will require that the Green function G(z,zo) be continuous (together
with its first-order partial derivatives) everywhere in the closed domain 2, except
for the point z¢, at which G(z,z() may have a singularity.

Once the function G(z, ) is found, one can use it to easily find the solution
of the original problem (1.50). To that end we will use the second Green formula

ou ov
/Q(vAu — ulAv)dx = /39 (v P 8n) ds. (1.52)

This formula is readily obtained from the Gauss-Ostrogradskii formula

/ (d’,ﬁ)ds:/divddz
o9 Q

(where @ is a vector field and (d,7) denotes the scalar product of the vectors @
and 7) if one puts successively @ = vVu and @ = uVv and subtract the results
from one another. Indeed, we have

/an(Vu,ﬁ)ds = /Qdiv(vVu)dx, (1.53)

and
/ u(Vv,ﬁ)dSZ/div(qu)dx. (1.54)
a0 Q

Since (Vu,n) = du/on, (Vu,n) = Ov/On, div(vVu) = (Vu,Vv) + vAu and
div(uVu) = (Vu, Vu) + ulwv, subtracting (1.54) from (1.53) we get the second
Green formula.

Now let us put v = G in (1.52). Then, since Au = f(z) and AG = —d(x, x0),

we obtain
( G ou 8G> ds.

/QG(x,xo)f(x)dx +/Qu(x)5(x,x0)dx :/ on " Yon

o

But, by the main property of the §-function,

/ w(2)d(z, xo)dr = u(xo),
Q
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and so the last equality yields

u(zg) = /89 (G gz — uZi) ds — /QG(x,xo)f(x)d:r.

From this formula we obtain:

(a) the solution of the Dirichlet problem for
a1 =1, az=0, Gloo=0, ulpa=g

in the form

u(zg) = 7/{)(29 Zids f/QG(x,xo)f(x)dx;

(b) the solution of the Neumann problem for

oG
on

ou

= O’ = ]‘7
(e5) Qa9 on

_0’

= =9
90

o0

in the form

u(zo) = /69 Ggds — /m Gl 20 f () da

Remark 1. The integral
G(xz,z0) f(z)dx
Q

admits the following physical interpretation: the right-hand side of the equation is
regarded as an external action on the system and is decomposed into a continual
contribution of source distributed over the domain 2. Then one finds the response
of the system to each such source and one sums all these responses.

Construction of the Green function. One of the methods for constructing the Green
function is the reflection method. For example, the Green function for the Poisson
equation in the case of the half-space (z > 0) has the form

1 1

G(M’ MO) 47TRMM0 4’/’1’R1u]y[1 ’
where Rap denotes the distance between the points A and B, My(zo, Yo, 20) is a
point lying in the uper half-plane z > 0, M; (o, yo, —20) is the point symmetric
to Mo(xo, Yo, 20) with respect to the plane z = 0, and M (z,y, z) is an arbitrary
point of the half-plane z > 0.

Physically the Green function can be interpreted as the potential of the field
produced by point-like charges placed at the point My (over the grounded plane
z = 0) and the point M; (Figure 1.11).
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MO('Z.(M Yo, ZO)

h ~
I R/" ~M(z,y,2)
I M My /
| /
0 / -
I Ty
| /RMM1
/
I/

V
M (z0, Y0, —20)

FIGURE 1.11. The potential at the point M (z,y, z) equals
G(M, My) = !

1
T AmRarwg Am R
(z = 0 is a grounded conducting plane)

Notice that in the case of a half-plane (y > 0) the Green function has the
form (Figure 1.12)

1 1 1 1
G(M, My) = 1 — 1 .
( ’ 0) 21 " Rr, 21 . Rara,

yA

J\'/{o(imyo)

I T S M(z,y)
/

|
/

| /

0 | , %

Ly

I/

v

M (z0, —¥0)

FIGURE 1.12. The potential at the point M (z,y) equals
G(M, M) = 217T In , Lo 2177 In !

M My Ry
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Examples of problems solved by means of the Green function. Suppose we want
to solve the Dirichlet problem for the Laplace equation in a half-plane

Au=0, —oco<z<oo, y>0,
{u(x,O)zf(x), —00 < & < 00.

The solution of this problem is

ute) ==Y [ 1) )

(we put My = My(z,y), M = M(s,t)), where

1 1 1 1
G(x,y;s,t) = — .
DT o o s -t 2 - s+ (gt 0

Calculating 0G/0t|t—o, we obtain

u(z,y) = Y /00 1() ds. (1.55)

T J—c0 (S—$)2+y2

ds

t=0

Example 1 [3, no. 244]. Find a function u(x, y), harmonic in the half-plane y > 0,

if it is known that .

u(z,0) = 21

Solution. We must calculate the integral

_y [Z s 5
“%”‘w[ma+ﬁm»mv+ﬂd'

Apparently, the easiest way to do this is to use the method of residues, namely,
the following formula:

/700 (1 + 52)[(8 _ l‘)2 + yg] ds = ZWi[res[f(z)]z=i + res[f(z)]Z=I+iy7
wher(esf(z) =z/((1+2H)[(z — z)? +y%]).
3 ;= ! es[f (= iy = Ty
e = oty e Ty @y

it follows that

y [ s B 1y T+ 1y B

m /_oo A+ s)ls—a2+92 P T (G—o2+y?] T+ @t T
_ 1y n T+ 1y

[l —xz)+iyl[(i —x) —dy]  (x+iy—1)(x+iy+1)
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1 1 1 ! Lo, B
S 2li—x—iy di—x+iy| 2|zdiy—1 x+iy+1]|
1 1 1 1 1
= [ — + + }—
2il—y)—z il+y)—z ily—D+x i(l4+y +=

1 1 1 B
2 lil+y)+r i(l4y)—=x]
1l z—i(l+4y) r4+i(l+y) | T
2[22+(1+y)? 22+ 0+y?] 22+ 1+y)?>
Therefore, the solution of the problem is given by

T

M g

Remark 2. The solution of the problem considered above,

Au=0, —oco<z<oo, y>0,
o

Uly=0 = x2+1’

can also be obtained without resorting to the Green function.

Indeed, one can use the fact that the function v = ! In J 2+1( a2
224+(y+a

a > 0, is a solution of the Laplace equation in the upper half-plane y > 0, i.e.,

where

1

Aln =0.
Va2 + (y + a)?

Differentiating this equality with respect to x, we obtain

0 1 7] 1

Aln =0, or A_ In =0,
Or = /2> + (y+a)? 0 \/a* + (y + a)?
i.e., A(x/r?) = 0, where 7 = /22 + 2.
Thus, the function u = x/[z? + (y + a)?] is harmonic in the upper half-plane.
Imposing the boundary condition, we conclude that the solution of our Dirichlet

problem is the function
x

2?2+ (y+1)2
Example 2 [6, Ch. V, 17.4(2)]. Find the solution of the Dirichlet problem

u(z,y) =

{Au—O, —xo<x,y<oo, z>0,

U|,=0 = cosxcosy, —o0 <,y < o0.
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Solution. It is known that the harmonic function we are asked to find is given by

formula
cos & cosnd€ dn
u(z,y,z) = E—x)2+ (n—y)2+223/2°

To calculate this integral we will make change the variables £ —z =u, n —y = v,
the Jacobian of which is 1. We obtain

//cos u+x)cos(v+y)dudv
T on

u(z,y, 2 u2+v2+z2)3/2 -

oo
oz / (cosucosx — sinusinx)(cosv cosy — sinvsiny) du dv
2 (u2 + v2 + 22)3/2

z // cos u cos v du dv
= COS T COS
2m Y ] (2 42+ 22)302

because the other three integrals vanish thanks to the fact that their integrands
are odd functions.
Now let us calculate the integral

o0
7// cosucosvdudv
- (u2+v2+22)3/2 -
—00

[cos(u + v) +smus1nvdudv cos(u + v) dudv
(u2 + v2 + 22)3/2 (uz + 02 4 22)3/2

because the other integral is equal to zero.
Let us make the change of variables

1 1
p:\/2(u+v), q:\/Q(U—’U),

which correspond to a counter-clockwise rotation of the plane by 45°. Then we

have
cos(v/2p) dp dgq /°° /Oo dg
//(p +¢% + 22)3/2 mcos(\/ P) dp —oo (PP P+ 2232
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But the substitution ¢ = \/ p? + z2tant transforms the integral

T f/oo da
e P 223

into

™2 | cost| 2
J1:/ 2+22dt: 2 L2
—7T/2p p z

Finally, the resulting integral

J_ 2/00 cos(v/2p) dp

—eo P22

is calculated using the Cauchy residue theorem as follows:

9] i\/2pd
J:2Re/ 62 5:4m'res
s DFt 2

=4 .= e
Therefore the solution is

u(z,y,z) = e~V cosz cos .

Remark 3. Since y/[(t — x)? 4+ y*] = Re[1/(i(t — 2))], where z = = + iy, the Poisson
formula (1.55) can be recast as

u(z) = Re * /oo u(t)dt. (1.56)

T t—z

—0Q

Now let us consider the Dirichlet problem for the Laplace equation in the
half-plane Im z > 0 (i.e., for y > 0):

{Au:O, —o<xr<oo, y>0,

uly=0 = R(z), —00 < x < 00,

where the rational function R(z) is real, has no poles on the real axis, and R(z) — 0
when z — co. By (1.56), the solution of this problem is the function

u(z) = Re | /°° R(t)dt

mJ_o T—2
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This integral can be calculated by using Cauchy’s residue theorem:

u(z) = —2Re Y res {?(OL_@’ (1.57)

-z
Im (5, <0
where the residues are taken for all poles of the function R(z) in the lower half-
plane Im z < 0.
Example 3. Solve the Dirichlet problem
Au =0, —xo<xr<oo, y>0,

k

L a2 k =const, —oo <z < o0.
x

u|y:0 =

Solution. Using formula (1.57), we have

k
(1+¢)(C=2)

k _ ky+1)

u(z) = —2Reres |: 2i(z + 1) T2 4 (y+1)2 .

] = —2Re
C=—i

1.17. Other methods

In this section we will consider methods for solving boundary value problems for
the biharmonic equation and the equations A%y = f, as well as boundary value
problemd for the Laplace and Poisson equations (without employing the Green
function).

Biharmonic equation.

Example 1. Solve the following boundary value problem in the disc {(p,¢) : 0 <
p<a0<ep<2r}:

A%y =0 in the disc,
ou

P = Acosg on the boundary of the disc.
n

p=a

Ulp=q =0,

Here 7i is the unit outward normal to the boundary of the disc.

Solution. What we have is the Dirichlet problem for the biharmonic equation. It
is known that it has a unique solution, given by the formula

_ 1 2 2\2 /27T —gda
ulpy ) = 27a (p” = a”) [2 0 pP?P+a?—2apcos(p — ) *
2m
fla— peos(p — )] da
1.
) et o )

(here f = u|y=q and g = Ou/0n|p=q.)
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In our case f =0, g = Acosp, and so the solution is

I PR 1 /2” Acos ada B
ulp, ) = 2ma ("= a”) 2/) Jo p*+a%—2apcos(p—a)

_A(pP—ad?)? /27T cos ado
N 4ra o p?+a?—2apcos(p — )

3

or

A

1 [ a® — p?) cos o dox
ulpp) = =, (a*=p%)- /oﬂ( )

27 2+ a2 —2apcos(p — a)
To compute the last integral we remark that it yields a solution of the fol-
lowing Dirichlet problem for the Laplace equation in the disc:
{ Av =20 in the disc,

V|p=a = cOS on the boundary of the disc.

But the solution of this problem is clearly v = ? cos ¢. Then, by the uniqueness of
the solution of the Dirichlet problem for the Laplace equation, we have the identity

1 /27T (a? — p?) cosada _p cos
21 Jo  p?+a?—2apcos(p—a) a ’

Therefore, the solution of our problem is

Ap(p* — a?)
ulpsp) =" 0 T cosy.

Example 2. Solve the following boundary value problem in the disc {(p,¢) : 0 <
p<a,0<p<2r}:

A%y =1 in the disc,
ou

=0 on the boundary of the disc.
on

p=a

Ul p=q =0,

Solution. One can consider that the solution of the problem depends only on the
variable p, i.e., u = u(p). Next, let us remark that

Ao (O 200 LN L 1ou
- \opt  p o> p? Op? p* Op’

and so we obtain a boundary value problem for an ordinary differential equation:

u  20% 1 0*u 1 Oou

- =1, 0<p<a, 1.61
ot popt g2 0p " P ap ret o0
du
Ulp=a =0, =0. (1.62)
= dp|,_,
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Equation (1.61) can be rewritten in the form
pSU//// + 2p2u/// _ pu” + o = pS‘

Let us denote v = ZZ‘ Then we obtain a third-order equation for the function
v =u(p):
p3v/// + 2p21}” _ p?)/ tou= /)3,
which is recongnized to be the well-known Euler equation. Its general solution is
given by the function

1
v(p) = Crp~ " + Coplup+ Ap+ — p.

16
We must take C7 = 0 and Cy = 0, because otherwise the function v'(p) would
become infinite at the center of the disc (i.e., when p — 0). Therefore, v’ =
Ap + 116p3, and so
Ap? 1 4
B.

2 Te” T
The constants A and B are found from the boundary conditions (1.62). We con-
clude that the solution is

u(p) =

ulp) = o, (@ = )

. at 2]’

ilp) = 64 {1 B (a) }
Example 3. Solve the following boundary value problem in the half-plane {(x,y) :
—00 < x <00,y > 0}:

or

A’u=e Wsinx in the half-plane, (1.63)
0
Uly=0 =0, aZ =0 on the boundary of the half-plane. (1.64)
y=0

Let us rewrite the equation(1.63) in the form

ot ot ot

2
P +2 0220y + ot e “Ysinx. (1.65)

We shall seek for u(z,y) in the form u(z,y) = f(y) sinz, where the function
f(y) is subject to determination. Substituting this expression in equation (1.65)
we obtain

fy)sinz 4 2" (y)(—sinz) + fOV(y)sinz = e~ sinx,
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whence

JO) —2f" + f=e7?. (1.66)
The general solution of equation (1.66) has the form
1
f(y) = Cre? + Caye’ + Cae™ + Caye™ + ¢ e,

The constants Cy and Cs are equal to zero: otherwise, f(y) — oo as y — oo.
Hence,

1
fly) =Cse™ + Caye™ + e,

The constants C3 and Cy are found from the boundary conditions (1.64), which
translate into f(0) =0 and f/(0) = 0. We have

1 1 1
fly)=—ge ™+ gy + e
Thus, the solution of our problem is
1, 5 _ s
u(x,y)zg(e Y—e Y4 ye Y)sina.

The Laplace and Poisson equations.

Example 4. Solve the following boundary value problem in the half-space {(z,y, z) :
—00 < x,y < 00,z > 0}:

{ Au = ze *sinxsiny in the half-space,

U] z=0 = 0.
Solution. We will seek the function u = u(x,y, z) in the form
u= f(z)sinxsiny,
where the function f(z) needs to be determined. Then we get

0? 0? 0?
Au = (%‘Z + (?yz + 3;; = —fsinzsiny — fsinzsiny + f’ sinxsiny,

and so our equation becomes
—2fsinzsiny + f’sinxzsiny = ze *sin xsin .
Hence, to find f(z) we must solve the ordinary differential equation

[ =2f =ze %
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Its general solution is
f(z)= CreV? 4 Cope™ V27 4 e *(2—2).

The constants C; and Cs are found from the boundary conditions. First
notice that C; = 0, because otherwise f(z) — oo when z — oo. Therefore,

f(z)= Che V27 4 e (2 - 2).

Putting here z = 0 we find f(0) = C3 + 2, and since f(0) = 0, it follows that
Coy = 2.
Therefore, the solution of our problem is

u(z,y,z) = *(2—2) — 267\/2Z] sin z sin .

Example 3. Solve the boundary problem in the half-space {(z,y,2) : —c0 < z,y <
00,z > 0}
Au=0 in the half-space,
| x4 y2 —2
Ul = .
=0T (14 22 4 y2)5/2
Solution. Notice that the function
1

a Va2 +y2 + (24 1)2

satisfies the Laplace equation in the whole half-space z > 0 (is a fundamental
solution), i.e.,

u(x,y, z)

1
=0
V2 +y? + (2 4+ 1)2
Now let us differentiate both sides of this equality with respect to z. We get
A z+1
(02 + 92 + (= + 122
Differentiating one more time with respect to z we have
22+ y% —2(z +1)2
(02 + 52 + (s + 122
This suggests to consider the function
22 4+ y% —2(2 +1)?
22 + 92 + (2 + 1)2]5/2°
This function is harmonic in the whole half-space z > 0 (since Au = 0, as we just
showed), and for z = 0 we have

=0.
=0.

u(x: Y, Z) = [

22 4+ y? -2
(1 + z2 +y2)5/2’

which proves that u(z,y, z) is the sought solution.

u|z=0 =
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1.18. Problems for independent study

10.

11.

. Find the distribution of the potential of an infinitely long (—oo < z < 00)

long cylindrical capacitor if its interior plate p = a [resp., exterior plate p = b]
is charged at the potential uy [resp., uz].

Find the distribution of the potential inside a spherical capacitor if the sphere
p = a [resp., p = b] is maintained at the potential u; [resp., us].

One side of a right-angle parallelepiped is subject to a potential V', while the
remaining sides are grounded. Find the distribution of the potential inside
the parallelepiped.

An infinite (—oo < z < o0) conducting cylinder is charged at the potential

Vo 1, f0<p<m,
o, ifr<e<2m

Find the distribution of the potential inside the cylindrical cavity.

Find the temperature distribution in an infinitely long (—co < z < o0)
circular cylinder if the a heat flux Q) = gcos ¢ per unit of length is given on
its surface.

A constant current J passes through an infinite (—co < z < 00) coaxial
cyclindrical cable (a < p < b). Find the temperature distribution inside the
cable if its inner surface p = a is kept at temperature zero and the outer
surface is thermally insulated.

Find the distribution of the potential in a thin plate shaped as a half-disc
when the diameter of the half-disc is charged at potential Vi, while the re-
maining part of the boundary is charged at potential V5.

Find the temperature distribution inside a thin rectangular plate if a constant
heat flux @ is introduced through one of its sides, whereas the other three
sides are kept at temperature zero.

Find the temperature distribution inside an infinite (—oo < z < 00) circular
cylinder if its surface is mantained at the temperature A cos ¢+ B sin ¢, where
A and B are constants.

Find the distribution of the potential inside an empty cylinder of radius R
and height h whose two bases are grounded, whereas the lateral surface has
the potential V.

Determine the steady temperature distribution inside a circular cylinder of
finite length is a constant heat flux ¢ is introduced through the lower base
z = 0, whereas the lateral surface p = a and the upper base are maintained
at temperature zero.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
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Find the steady temperature distribution inside a homogeneous and isotropic
ball if its surface is maintained at the temperature Asin®# (A = const).

Find the distribution of the potential in a spherical capacitor 1 < r < 2 if the
inner and outer plates have the potential V; = cos? 6 and Vs = é(COSQ 0+1),
respectively.

Find the temperature distribution inside a spherical layer 1 < r < 2 if the
inner sphere is maintained at the temperature T; = sin @ sin ¢, whereas the
outer sphere is maintained at the temperature of melting ice.

Solve the Dirichlet problem for the Poisson equation Au = e¥sinz in the
square 0 < x <, 0 <y < 7, with null boundary condition.

Solve the Dirichlet problem for the Poisson equation Au = x* — y* in the
disc of radius one, with null boundary condition.

Solve the Dirichlet problem for the Poisson equation Au = z in the ball of
radius one, with null boundary condition.

Solve the Dirichlet problem for the Poisson equation Au = Jy (’E p) in a
cylinder of radius R and height h, with null boundary conditions.

Find the eigenoscillations of a rectangular membrane when two opposite edges
are clamped and the other two are free.

Find the eigenoscillations of a circular cylinder under null boundary condi-
tions of the first kind.

Find the steady concentration distribution of an unstable gas inside a sphere
of radius «a if a constant concentration ug is maintained at the surface of the
sphere.

Solve the Dirichlet problem for the equation Au + k*>u = 0 in the interior
and in the exterior of the sphere p = R under the condition u|,—r = A
(A =const).

Solve the Neumann problem for the equation Au — k?u = 0 in the interior
and in the exterior of the sphere p = R under the condition Ju/dn|,—r = A
(A =const).

Find the steady distribution of potential in the first quadrant x > 0, y > 0 if
the half-line y = 0 is grounded while the half-line = 0 is maintained at the
potential V.

Find the steady temperature distribution in the strip 0 < y < 7 if the
temperature on the lower boundary y = 0 equals Acosx while the upper
boundary is kept at the temperature of melting ice (A = const).

Find the steady distribution of potential in the strip 0 < y < 7, x > 0 if
the horizontal sides of the strip are grounded and the vertical side has the
potential V.
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Find the distribution of potential in an infinitely long eccentric cylindrical
capacitor if the inner plate |z + 1| = 9 has the potential 1 while the outer
plate |z + 6] = 16 is grounded.

Find the solution of the Dirichlet problem Au = 0 in the domain Imz < 0,
|z + 5i] > 3 if

Ultm z=0 = 0, ul|z45i=3 = 1.
Find the temperature distribution in the lower half-plane y < 0 if its bound-
ary y = 0 is maintained at the temperature Asinz (A = const).

Find the temperature distribution in the upper half-plane y > 0 if its bound-
ary y = 0 is maintained at the temperature 6(—x), where 0(z) is Heaviside
function.

Find the distribution of potential in the upper half-space z > 0 if its boundary
z = 0 has the potential (1 + 22 + y?)~%/2.

Solve the Dirichlet problem for the Poisson equation Au = —e™*sinz cosy
in the half-space z > 0 with null boundary condition.

Find the steady temperature distribution in the exterior of a bounded circular
cylinder (p > 1, —o0 < z < 00) if the lateral surface (p = 1) is maintained at
the temperature u|,—1 = A cos(2¢) + B cos(5¢) + C cos(10p), where A, B,C
are constants.

Solve the Dirichlet problem
Ay =0, O0<p<l, 0<p<2m,
sin ¢
= 0
ulp=1 54 4cosp -
Solve the following Neumann problem for the Laplace equation in the spher-
ical layer 1 < p < 2:

Au=0 inside the layer,
ou

= Py(cos ),
on o1
ou

= P;(cos ).
on|,_,

Solve the following boundary value problem in the disc {0 < p < a,0 < p <
27}
A%y = 2% + 42 in the disc,
ou

on =0.

Ulp=a =0,
p=a
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37. Solve the following boundary value problem in the disc {0 < p < a,0 < ¢ <
21}
A%y =0 in the disc,
0
Ulp—a =1, OZ = sin® .
p=a
38. Solve the following boundary value problem in the ball {0 < p < a}:
A%y =% + % + 22 inside the ball,
ou
Ulp=q = 0, =0.
on|,_,
39. Solve the following boundary value problem in the half-space:
A%y = e #sinzcosy —oco<z,y<oo, z>0,
ou
u‘z:O - O, =0.
0z z=0
40. Solve the following boundary value problem in the lower half-plane (y < 0):
Au=0 —oco<r<oo, y<o,
| 2z
Uly=0 = .
U=0T (1 4 22)2
1.19. Answers
Inb/p
1. = — .
w =zt (0 u2>lnb/a
1/r—1/b
2. u= — .
u=ug + (u u2)1/a71/b
3. u= ;;Anm sin (Tzﬂ sc) sin (nb7r y) sinh (W\/Z2 + TZZ 2)7 where
16V
, if n and m are odd,
Apm = { m2nmsinh (7‘(’ Zi + T; C>

0, if n or m is even,

and a, b, c are the sides of the parallelepiped.
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1.19. ANSWERS 7

1 1 2 i
u= _ + arctan . s1n<p7 where a is the radius of the cylinder.
2 a? — p?
u = fZ pcos ¢ + ¢, where k is the heat conduction coefficient of the cylinder.
b2
u = —q(p2 —a?) — q lnp, where ¢ = —qo/k, qo = 0.24J%R, R is the re-
a

sistance per unit of length of the conductor, and & is the heat conduction
coefficient.

apsin

2

2
u=V+ (Vo —Vp)arctan -
0 p%—a

dga & sin [(zmzl)ﬂx} sinh{@mil)ﬂy}

km? e= 0 (2m+1)? o [(2m:1)wb} '

0

u=A" cos p+ B P sin o, where a is the radius of the cylinder.
a a

& sin |:(2n-}',;1)7r21| T ((Zn-}l;l)ﬂ'p)

U= . .
™ o 2n+1 IO ((2%-}‘;—1)77 R)
0 sinh} Hom (1 — z)} L ,

u = Z A -JO( N p), where A,, = kuEnJi%um)’ k is the

m=0 cosh {“l’" z}
heat conduction coefficient, and p,, is the mth positive root of the equation

Jo(.%') =0.

2 2\ 2 291
u=_A—A " . 3eos” 6 , where a is the radius of the ball.
3 a 3
1 N 3cos? 6 — 1
u= .
3r 3r3
u= | =1+ 5 )sinfsing.
1 . . .
u = (yeY sinh m — me™ sinh y) sin z.

"~ 2sinh7

_ b a4 ‘
u= gy P (p7 = 1)cos(2p).
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L s
17. u= _ _(r° —r)cosé.
10
R2 R2 sin (‘“ z)
18. u:{ 9 {cosh(mz)—l} + {1—cosh<mh)} r }JO (mp).
251 R 5] R sin (‘E h) R
m?  n?
19. )xm,nzﬂ2 ( 5 T b2>,m: 1,2...,n=1,2,..., where a and b are the side
a
lengths of the membrane; u,, , = sin ( Wac) cos (mr y) .
a a
2
ke \> () n
20. Ak = < ;) + (M ,n:(LL...,m,k:1,2,...7Whereu£n) is the
a
mth positive root of the equation J,(xz) = 0, h is the height of the cylinder,
and a is its radius;
k () cos(n
Vpom.k = Sin 7T,z Jn H p . (<P)
o h a sin(ny)
inh(k
21. u= uoa . s¥n ( p)) where k is taken from the equation Au — k?u = 0.
sinh(ka)
AR sin(kp) | AR ekr
22. u = . fp<R,and u= - fp>R.
U ) sin(k:R)lp_ , and u ) pikr £ P2
AR? sinh(kp) aR?  eFi=r)
23. u= if p<R,and u=— . if p > R.
U7 plkRcosh(kR) — sinh(kR)] = © =10 MY p 1+kR "
2V
24. u = arctan 4
™ x
A .
25. u = sinh cos z sinh(m — y).
2 sinh z si
26. u = Varctan< . 51211 ISI.H?; >
us sinh® z — sin” y
1 z—2
27. u = In2+1 .
“ 7 In(2/3) <n i z—26’>
1 z+ 41
28. u = .
b In3 " z— 4
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29. u = AeYsinz.
1 1
30. u= _ — arctan *
2 7
z+1
31, u = :
O 2t (1) 4y
32. u= (e V% — ¢ *)sinzcosy.
A B C
33. u= ,cos(2p) + _ cos(5p)+ | cos(10p).
P P P
psinp
34. u= .
“ p2+4pcosp+4
1 [(p* 32 3
35. u = a1 <p 2 ) Py (cos0) +y <4p + p4> Ps(cosf) + C,

36.

37.

38.

39.

40.

where C' is an arbitrary constant.

6

U= g {(2)6 _3<2>2+2]'

u=1- a22—ap2 B (Z) sin ¢ — i (Z)Bsin(?)go)}
6

"= g {(Z)G -3 (2)2 +2]'

u= [Ae\/2+\/2z +(1- A)e*‘/zf‘/zz - ez} sin x cos y, where

1 1
a s

2z(1 —y)
(22 + (1 —y)?*

u =



Chapter 2
Hyperbolic problems

Up to this point we have considered steady physical processes, which were de-
scribed by elliptic equations. We now turn our attention to the study of another
class of partial differential equations — the hyperbolic equations. We begin with
the one-dimensional wave equation u; = au., which describes, among other
processes, the transversal oscillations of a string.

2.1. The travelling-wave method

The one-dimensional case (one space variable). Let us consider the Cauchy problem

Upy = @ gy, —co<z<oo, t>0,
U(I,O):f(I), ut(x,O):g(x)7 —00 < x <00,

i.e., the function u(z,t) is sought in the upper half-plane ¢ > 0 of the (z,t)-plane
(Figure 2.1).

A
RN

Ou =0

Y

o u=f@)

_ 0%u _ 20%u
FIGURE 2.1.0u = G2 — 0750

It is well known that this problem describes the motion of an infinite string
with given initial conditions. Its solution is provided by the d’Alembert formula

flz—at) + f(z + at) n 1 /“‘at

t) =
u(z, ) 9 9

9(¢) dc.

—at
This formula can be rewritten as

fla—at)+ fx+at) 1

u(x,t) = G(x + at) — G(z — at)],

(&) . + o GG+ at) ~ Gz — at)

where G'(¢) = g(¢).

V.P. Pikulin and S.I. Pohozaev, Equations in Mathematical Physics: A practical course, 81

Modern Birkhduser Classics, DOI 10.1007/978-3-0348-0268-0_3,
© Springer Basel AG 2001
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From the physical point of view this solution is interesting because it rep-

resents a sum of two travelling waves, which move in opposite directions with
velocity a (Figure 2.2).

FIGURE 2.2.

Let us give a space-time interpretation of d’Alembert’s formula. In the (z, t)-
plane (Figure 2.3), let us take an arbitrary point (zg,to) and draw through it two
lines:  — at = xo — aty and =+ at = xo + ato (these lines are called characteristics
of the wave equation uy = a*uy;). Then the (value of the) solution u(z,t) at the
point (zg,%o) can be interpreted as the mean value of the function f(x) at the

points x1 = zg — atg and x5 = o + atg plus the integral from x; to xo, multiplied
by 1/(2a), of the initial speed g(zx).

LA

Characteristic
triangle

0 (.Z'() — ato,()) (-’EO + ato,O) >.1

FIGURE 2.3.
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Remark. If we consider the nonhomogeneous problem with homogeneous (null)
initial conditions

Ugt = a* Uy + f(,1), —co<r<oo, t>0,
u(z,0) =0, ut(z,0) =0, —00 < x < 00,

then using the Duhamel’s method or principle (or the method of impulses one can
obtain the solution in the form

z+a(t—T)
mt)— /dT/ F(¢, ) dc.
z—a(t—r)

Example 1 [4, Ch. II, no. 57]. Suppose that a wave of the form @(z — at) travels
along an infinite string. Taking this wave as the initial condition at time ¢t = 0,
find the state of the string at time ¢ > 0.

Solution. In our problem the travelling wave at time ¢ = 0 characterized by nonzero
“initial” deviations and velocities

u(z,0) = ¢(z), u(2,0) = —ay’ (x), —00 < x < 00.
Therefore, we obtain the Cauchy problem

[ :a2um, —oco<x<oo, t>0,
u(z,0) = ¢(x), u(x,0) = —ay'(z), —o0 < x < 00.

Using d’Alembert’s formula we get

r—a r+a @+at
u(m):w( t);rw( + t)+21a/ [—a (O)]dC =

—at

—at t 1
= Pz —at) ;r plz+at) + 9 [—ap(x + at) + ap(x — at)] = p(z — at).
Example 2 [6, Ch. II, 21.23]. Find the state of the loaded semi-infinite string in
the problem
utt:um—G, £U>07 t>0,
u(z,0) = 2%, ut(z,0) =0, x>0, (2.1)

us(0,1) + 2u,(0,t) = —4t, t >0,

i.e., the function w(z,t) is sought in the first quadrant x > 0, ¢ > 0 of the (x,t)-
plane (Figure 2.4).

Solution. First let us find a particular solution of the equation wu;; = uz, — 6,
without paying attention to the initial and boundary conditions. We shall assume
that this particular solution u; depends only on z, i.e., u1 = uj(x). Then in order
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t t y
<A A 7
|
I t>x t<x
3
3 - _ z,t
S Ou = —6 OS ‘e?x
+ Y <
3 A \\O
> $ .
u=—x? g 0 G
FIGURE 2.4. FIGURE 2.5

to find it we must solve the equation d?u;/daz? = 6, which yields u;(z) = 322.
Now let us consider the new function v(z,t) = u(z,t) —ui(x). Then from equation
(2.1) we obtain the equation vy = v, and the problem from which one determines
v(zx,t):

Vit = Vgg,s x>0, t>0,

v(z,0) = —227, ve(z,0) =0, x>0, (2.2)
ve(0,t) 4 2v,(0,t) = —4t, t>0,

Clearly, for t < x the solution v(z,t) can be written via d’Alembert formula
in the form (see Figure 2.5)

v(x,t) = —(z —t)% — (z+1)? = —2(2? +1?).
For t > = we will seek the solution of problem (2.2) in the form
v(,t) = fle+1) +9(t —2).

To find the functions f(z) and g(z) we use the continuity of the solution
v(z,t) on the characteristic ¢ = x and the boundary condition v;(0,t) 4 2v,(0,t) =
—4¢t. Indeed, on the characteristic t = x we have f(2t) + g(0) = —4t2, whence
f(t) = —t%2 — ¢(0). Further, from the boundary condition in (2.2) it follows that

g'(6) + f1(t) +2f'(t) — 29/ (1) = —4t,
which after integration yields
3f(t) — g(t) = —2t* +3f(0) — (0).

Clearly, f(0) + g(0) = 0. Thus, we arrived at a system of two equations for the
two unknown functions f(t) and g(t):

3f(t) — g(t) = —2t* + 4£(0).
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This gives g(t) = —t> — f(0). Thus, for ¢t > z,
v(z,t) = —(t+2)* + f(0) — (t — )% — f(0) = —2(2? + 1?).
We conclude that the sought solution is given for t > 0, z > 0 by
u(z,t) = v(z,t) +up(z) = 22 — 262

Example 3 [4, Ch. II, no. 78]. Consider an infinite elastic beam constructed by
joining in the point = 0 two homogeneous semi-infinite beams. For « < 0 [resp.,
x > 0] the mass density, the elasticity modulus, and the speed of propagation of
small transversal perturbations are equal to p1, E1, and a; [resp., p2, Eo, and as].
Assume that from the domain = < 0 a wave uq(z,t) = f(t — x/a;) travels along
the beam. Study the behaviour of solution when F; — 0 and Es — 0.

Solution. The deviations of the points of the beam are governed by the equations

= a%ulm, —o<r<0, t>0, (2.3)
Untt = A3ULs, 0<z<oo, t>0, '
and the initial conditions
u1(z,0) = f(—x/a1), u1(z,0) = f'(—z/ay), —oco < x <0, (2.4)
uz(z,0) =0, ugt(z,0) =0, 0<x< oo. '

These equations and initial conditions must be supplemented by the conjugation
conditions

u1(0,t) = u2(0,t) continuity of displacements,
FEiu1,(0,t) = Eaus,.(0,t) continuity of stresses.

Let us seek the unknown functions in the form

ul(sc,t)—f1<t—x>+g1<t+x), —oco<x <0, t>0,
al ay

ug(x,t)—f2<t—x>+gz<t+x), 0<zx<oo, t>0.
as as

The four functions f1(s), g1(s), f2(s), g2(s) are determined by the initial con-
ditions and conjugation conditions. First of all, using (2.3) we can write

() ()2
f(2) () ()
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xr X
fa <— ) + 92 ( ) =0,
as ag
/ T r [T
— + =0.
I2 < a2> 92 <a2>

Integrating the second equation in (2.5) and in (2.6) and denoting z/a; = s,
x/az = z, we obtain

(2.6)

fi(=s) + gi1(s) = f(—s),
{ — fi(=5) + g1(s) = —f(—s), (2.7)
for s < 0, and
fa(=2) + ga2(2) = 0,
{ - f2(_2) + gg(z) =0 (28)

for z > 0. Solving the system (2.7) we find

fi(=s)=f(=s),  qi(s)=0,  s<O.
Hence,
Ft=2) 4o (t+ o), ift+ 2 >0,
f(t—fl), ift4+ F <0.
Next, solving the systems (2.8) we find

fa(=2) =0, g2(2) =0, 2> 0,

t—“f), ift— * >0,
B

0, ift— * <0.

az

ui(x,t) =

whence

Now let us use the conjugation conditions to find the functions f2(s) and
g2(s). From the equality u;(0,t) = u2(0,1) it follows that

f@) +g1(t) = f2(t).
Similarly, from the equality Fju1,(0,t) = Eaus,(0,t) it follows that

R A E ORI AT

Since a; = \/El/pl and ay = \/Eg/pg, we obtain

VEip1 [—f'(t) + g, (t)] = V/Eapa [~ F3(1)],

which after integration yields

VEip1 [-ft) + g1(t)] = /Ezpa [— fo(t)] .
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Therefore, we have the following system of equations for the desired functions

f2(t) and g1(t):
f@) +g1(t) = f2(),
{ VEp1 [=f(t) + 1(8)] = V/Eapa [~ f2(1)].
Solving this system we get

_ VEip1 — /E2ps
VEip1 + v/ E2ps
2\ FE
Ro- VPR g
VE1p1 + \/Eaps
We conclude that the solution of our problem is represented by the following
pair of functions:

91(t) f@),

f(t— ;1) + \/Elplf\/Ezpzf(tJr ;1), ift+ " >0,

ui(x,t) = VE1p1 + \/Eapo
f(t—fl), itt+ 2 <0,
2\/E1p1 f(t_;;), lft_aTQ >O,
us(z,t) = VEip1 + VEzps
f(t—;;), ift— 2 <0
The term

VEip1 = /Eaps z
flt+
VEip1 + \/E2ps a1

in up(t,z) for t +x/a; > 0 is a reflected wave. Obviously, this wave is absent if
E1p1 = Eopo. If E5 = 0, then the reflected wave is f(t + x/ay); if Es = oo, then
the reflected wave is —f(t + z/a1).

The refracted wave is us(z,t). If E5 = 0, then the amplitude of this wave is
twice that of the incident wave; if E5 = oo, then there is no refracted wave.

Example 4 [4, Ch. III, no. 442]. Solve the Cauchy problem
Upp = Ugy + T SINT, —o<xr<oo, t>0,
{u(a:,()) =sinz, ut(z,0) = cosz, —0 <z < 0.
Solution. Let us apply the d’Alembert formula

p(z —at) + ¢(z + at)
9 +

r+at t zt+a(t—T)
oo | w0y [ [ e

2a —at —a(t—7)

u(z,t) =
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which gives the solution of the problem

U = a*Uyy + f(2,1), —co<r<oo, t>0,
{u(x,O) = p(z), u(z,0) = P(x), —o0 < z < 00.
In our case
p(z) = sinz, Y(x) = cosz, f(z,t) = xsint, a=1.

Therefore, the solution sought has the form

u(z,t) =

1 z+ 4+ (t—T)
+ / cosCd¢ + / dT/ (sinTd( =
2 Jort (t—7)

sin(x —t) +sin(z +t) = sin(x +t) — sin(z — ¢)
= ) + ) +

1 t 2 1z+(t—7)
+ / sintdr - ¢
2 Jo 2

¢
=sin(z +t) +x/ (t = 7)sinTdr = sin(x +t) + x(t — sint).
0

sin(x — t) + sin(x + t) N

z—(t—7)

The two-dimensional case (two space variables). Here we will consider the two-
dimensional wave equation. This equation described the propagation of sound in
a gas, the oscillations of a membrane, the propagation of electromagnetic waves,
and so on.

By definition, the Cauchy problem for the two-dimensional wave equation is
the problem of finding a function u(z,y,t) that satisfies the equation

utt:a2(uzm+uyy)+f(xayat)a —0o <1,y <00, t >0,
and the initial conditions
U(Ivyvo) :(P(«r,y% ut(x,y,()):?/)(x,y), 00 < x,y < 00,

i.e., the function u(z,y,t) is sought in the upper half-space t > 0 (Figure 2.6).
The solution of this problem exists, is unique, and is given by the Poisson
formula

ww,y.1) = 2ma [6% // \/&25271)0 d dn Jr// Ko \/azfzip dc dirt

Lo Sl e )

where p? = (( — 2)? + (n — y)? and K, denotes the disc of radius as centered at
the point (z,y) (Figure 2.7).
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A

Ou= ffort>0

0/ u= p(x,y) fortz()»y

X
FIGURE 2.6.
U\
0 3
FIGURE 2.7.

Example 5 [6, Ch. IV, 12, 37(2)]. Solve the Cauchy problem

Upp = Ugg + Uyy + 62YL, —o0 < x,y < 00, t>0,
U(%%O) :$2_y27 Ut(%?ﬁo) =Y, —o0 <1,y < 0.

Solution. Let us apply the Poisson formula, setting

olz,y)=2>—y*, Yx,y)==zy,  flz,yt) =6ayt, a=1

89
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‘We have

¢ =’
went =y o [ e e

¢n
+27T/Kt V2= (C—2)2— (n—y)?

6¢nT
d¢ dn.
o] s == -

The integration is carried out over the disks K; and K;_,. We can write

d¢ dn+

t,
where()<p<s:{ 0<p<2r

{C_fﬂJFPCOS%
t—T,

n=y+psing,

Let us calculate separately each of the integrals written above:

Ji =

10 [* ["(z+pcosp)? — (y+ psing)?
/ ( )7 = ( )pdpd<p:
0

27 Ot N

2 t 2m
9] 2xp” dp
= or 9t / / \/ - pdpd(p + o 8t 0 i /0 cos o dp —

10 t 2yp dp 2 19 t p2 dp 2
- d 20) dp =
2 8t 0 \/t2 — p2 A cospap + 2 8t 0 \/t2 — p2 /0 COS( SD) ¥

2 _ .2 t 2d
_r -y o, Prdp ) 2
2 8t 0 \/t2_p2

1 (% ["(z+ pcos + psin
JQZ%/ /( peosp)(y + p w)pdpd(p:

\/t2pr
AT RS T A
= dp do + sin o dy +
2m Jo /12— p? 0 21 \/tz—p 0
1 2
+ / up* dp/ cos pdp +
2r Jo /12— p? 0

2w
p .
+ / dp/ sin p cos p dyp = xyt.
21 Jo /12 = p? 0

27 t—T1 .
67(x + pcos + psin
Jy— / / / (z + pcosp)(y + psing) pdpdp —
27 Vit —7)2 = p?

Finally,
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t t—1 2m
= 3/ TdT/ P dp/ dy =
™ Jo 0 J(t—1)2—p? 0

t t—r t

P 3

:ny/ TdT/ dp:6xy/ (t = 7)1 dr = zyt°.
0 0o (t—71)2—p? 0

Therefore, the sought solution is
w(z,y,t) = J1 + Jo + Js = ayt(1 +t°) + 2> — >,

The three-dimensional case (three space variables). By definition, the Cauchy
problem for the three-dimensional wave equation is the problem of finding a func-
tion u(z,y, z,t) that satisfies the equation

g = a?Au + f(x,y, 2, 1), —00 < X, Y,z < 00, t>0,
and the initial conditions
u(xayaz70) :So(x7y7z)7 Ut($aya270) :1/)(%3!,3), _OO<$ayaZ<OO'

The solution of this problem exists, is unique, and is given by Kirchhoff’s formula

1 ]0 (& n,¢) »(&,n, )
U(x,y,z,t)—m2 [at//&n ; da+//sat L do

o[ I Ji&n. G ] ,

where S, denotes the sphere of radius ap centered at the point(z,y, z) (Figure
2.8).

CA

o XM n, Q)

FIGURE 2.8.
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Example 6 [6, Ch. IV, 12.38(1)]. Solve the Cauchy problem

Upp = Ugy + Uyy + Uz, + 2272, —o00 < x,Y,z < 00, t >0,
u(z,y, 2,0 = 2% + y? — 222, ur(z,y,2,0) =1, —00 < x,Y,z < 0.

Solution. Let us apply the Kirchhoff formula, setting
pla,y,2) =2 +y* = 22%, Y(z,y,2) =1, flz,y,21t) =2ayz, a=1
We obtain

10 €2+ n? —2¢>
u(xayaz7t):47rat/ nt do +

1 1 1 [t énc
+47T//Sttd0+477/0d7—//st_ft

Here the integration is carried out over the spheres S; and S;_, of radii t and ¢ — T,
respectively, centered at the point (z,y, z) (see Figure 2.8). If M (&, n,() € St, then

clearly we can write
& =x+tsinfcosp,

n =1y + tsinfsiny,
(=z-+tcosh,

where 0 < ¢ < 21, 0 < 0 < 7. Let us calculate separately each of the above
integrals:

g /2”/ (z + tsinf cos p)? + (y + t sin @ sin p)?
L 47r8t t

_ 2(z +tcos 6)?

' ]tQSiHGdﬁdcp—

2w
= / / 2% + 2tz sin 6 cos p + t2 sin® § cos? <p)t sin 0 df dy +
47T ot
27
+ / / y? + 2ty sin  sin ¢ + 2 sin” § sin® (p)t sin 0 df dy +
47r ot
2m
47r ot / / —22% — 4tz cos @ — 2t2 cos 6’) sinf dfdyp =

2m
2 J—
47T8t/ / t :10 +y?—22 )sm9d9d4p+

27
3 (
47r6t/ / t* (sin® 6 — 2 cos® ) sin 6 d6 dyp +
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+ Lo ﬁ2t2 in%0do 2Wco dp +
T S1n S
47T at 0 0 pay

+ ! 8/772752 sin29d6’/2ﬂsin dp —
47Tat 0 y 0 SD ()0

1 0
4 Ot

27
Jy = 47r8t/ / schos&dego:t,

™ 2
/ 2t2zsin90089d9/ dp = 2% +y* — 222
0 0

and

t—T

t 27 ™ _ : _ . .
J3:4177/d7'/ / 2(x + (t —7)sinfcosp)(y + (¢ T)smHsm(p)><

X (z+ (t —7)cosO)(t — 7)*sinf df dp =

1 t 2 pm t
= / (t— T)dT/ / xyzsinfdf dp = 2$yz/ (t — 7)dr = t*zyz.
21 Jo o Jo 0

Therefore, the solution to our Cauchy problem is

u(z,y,z,t) =2® +y* — 22 + t + tPwyz.

2.2. The method of selection of particular solutions

Sometimes it is convenient, instead of using the general formula that gives the solu-
tion of the Cauchy problem for the wave equation, to take advantage of the specific
form of the right-hand side of the equation and of the initial conditions. Indeed,
the d’Alembertian Ou = 0%u/0t? — Au, defined on twice-differentiable functions,
takes, for example, a function of the form u(z,y, z,t) = e sin(by) cos(cz) Py, (1),
where P,,(t) is a polynomial of degree m, into a function of the same form. Using
this observation, it is easy to choose the requisite particular solution of the Cauchy
problem.

Example 1. Solve the Cauchy problem

{utt = Au + te® sin(3y) cos(4z), —00 < T,Y, 2 < 00, t>0,

Ulp—o = bz 8y cos(102), utli—o = e3utiz sin(5x), —00 < x,Y, 2z < 00.

Solution Let us decompose the problem into two subproblems as follows:

@ vy = Av + e’ sin(3y) cos(42), —00 < x,Y, 2 < 00, t>0,
V=0 =0, vt|t=0 =0, —oo < T,Y,z < 00,
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and

(b) {wttaQAw, —0 < x,Y, 2 < 00, t>0,

wli—g = 5" cos(102),  wyli=o = YT sin(52), —oo0 < x,y,2 < 0.

Tt is readily verified that the solution of problem (a) is the function
1 3 .5z .
v(z,y, z,t) = 6t e’ sin(3y) cos(4z).

Indeed,
0?v N 0% N v
0x2 Oy 022
1
=6 t% [25€°” sin(3y) cos(4z) — 9e°” sin(3y) cos(4z) — 16e°” sin(3y) cos(4z)] =0

and
vy = te’ sin(3y) cos(4z2).

Further, the functions ¢(z,y, z) = €518 cos(102) and ¥(z,y, z) = e3¥+4% sin(5x)
are solutions of the Laplace equation (i.e., are harmonic in the whole three-
dimensional space), since, for instance,

Py ¢ 03¢
Ap = Ox? + 0y? + 922

= 36€%7T8Y cos(102) 4 64528 cos(102) — 100528 cos(102) = 0.
Therefore, the function
w(x,y, z,t) = 528 cos(102) + te3V 4% sin(52)

is a solution of problem (b).
We conclude that the solution of the original problem is

u(z,y, z,t) = v(z,y, z,t) + w(z,y, z,t) =

1.
=4 3¢5 sin(3y) cos(42) + 58 cos(102) + 3% sin(5z).

Example 2. Solve the Cauchy problem

uy = a’Au, —00 < 2,y < 00, t>0,
uli=o = cos(bx + cy), ut|t=o = sin(bx + cy), —00 < 3,y < 00.
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Solution. Let us decompose the problem into two subproblems as follows:

ugtl) = a’Aul), —o00 < 2,y < 00, t >0,
(1)
u(1)|t:0 = cos(bz + cy), u§1)|t:0 =0, —00 < 2,y < 00
and
ugf) = aQAu(Q), —0 < x,y < 00, t>0,
(2)
u® 2o =0, ulP|i=o = sin(bz + cy), —00 < x,y < 00.

We will seek the solution of problem (1) in the form
uV (z,y,t) = @(t) cos(bx + cy),
taking ¢(0) = 1 and ¢'(0) = 0 to ensure that the initial conditions in (1) are
satisfied. Substituting this expression of u(*) in the equation ugtl) = a?Au) we
obtain
@ cos(bx + cy) = —a®(b* + c)p cos(bx + cy).
We thus arrive at the Cauchy problem
O +a* (b +cF)p =0, t>0,
e(0)=1, ¢ (0)=0.
Its solution is
o(t) = cos (a\/b2 +c2t).
Hence,
u (2, y,t) = cos(bx + cy) cos (a\/b2 +c2t).
Similarly, we will seek the solution of problem (2) in the form
u? (z,y,t) = ¥ (t) sin(bz + cy),
taking 1(0) = 0, ¥'(0) = 1.
By analogy with problem (1), we are led to the Cauchy problem
"+ a?(b? 4 *)p =0, t>0,
P(0) =0, ¥'(0)=1,
with the solution
sin (a\/b2 + c2t)
olt) = .
aV/b? + ¢2

Hence,

sin (a\/b2 +c? t)
(a\/ b2 + 62)

We conclude that the solution of the original problem is

w(z,y,t) = u (2, y,t) + u®(z,y,t) =

u? (z,y,t) = sin(bx + cy)

= cos(bx + cy) cos (a\/b2 + 2 t) sin(bx + cy) sin (a\/b2 + 2 t).

1
+
a\/b2 + c2
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2.3. The Fourier integral transform method

The one-dimensional case (one space variable). It is known that if a function f(z)
(-0 < & < o0) satisfies certain conditions, then the following Fourier integral
formula holds:

1 oo [e.e] X
f@) = [ o[ rereoac,
27T — 00 — 00
By definition, the Fourier transform or image of the function f(x) is the function

=y [t

Thanks to the Fourier integral formula the function f(z) can be recovered from
its Fourier transform via the formula

~ 1

o=y [ Fne i

The operation of passing from f(z) to f()\) is called the Fourier integral
transformation, whereas that of passing from f(/\) to f(z) is called the inverse
Fourier transformation.

If the function f(x) is given on the half-line 0 < = < oo, then one can consider
its Fourier cosine transform

- 9 [
) = \/ / (@) cos(Az) da.
T Jo
To pass from fc()\) to the original function f(x) one uses the formula

o) = \/ i /O (V) cos(Aa) d.

Similarly, one defines the Fourier sine transform

For=y2 [ s sno) ar

and one has the inversion formula

fla) = \/ i /O h F(\) sin(Az) d.
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Here are two basic properties of the Fourier transformation.

(1) Linearity: ¢1 f1 + cofo = clfl +02f§ (where ¢; and ¢y are arbitrary constants);

(2) Rule of transformation of partial derivatives: if u = u(x,t) and the Fourier
transformation is take with respect to the x variable, then

Up = IAU,  Upp = (NG, ... Uy, = (IA)"
-7
e

(this is established by integration by parts). The transforms of the partial
derivatives with respect to ¢ are given by

. Ou _ 9% —  J0"u
Ut = , Uy = RN ) =
ot o2’ L L o
(under the assumption that the indicated partial derivatives with respect to
t satisfy certain conditions).

We see that under the action of the Fourier transformation the operation
of differentiation with respect to x becomes the operation of multiplication (by
iA). This important fact is used in solving boundary value problems for partial
differential equations.

The Fourier transformation enjoys many other interesting properties which
will not be discussed here.

Examples of Fourier transforms are given in Table 2.1.

Table 2.1 Fourier transforms of several functions

no. Function f(x) Function f(\)
) 1, if |z| <a, \/2 sin(Aa)
0, if |z| > a. T A
2 1 22
P eaz e
V2a
2 a
—alz]
3 ¢ \/7T a? + \2
1 1 |z
4 7a|)\\
22+ a? 2 \/2 c
1~/
5 f(a) i(})
a’ \a

6 flz —a) e (M)
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Let us return to the boundary value problems for the one-dimensional wave
equation. To solve such a problem for u(z,t), one uses the Fourier transformation
with respect to the x variable to pass to a problem for the transform w(\,t). After
we solve the latter, one finds the function u(z,t) by applying the inverse Fourier
transformation (Figure 2.9).

Boundary Boundary
value problem |———3= value problem
for u(z,t) for a(A,t)

u(z,t) ~€«—  u(\p)

F1GURE 2.9. Block diagram of the Fourier transform method

Example 1 [4, Ch. II, no. 178]. Solve the boundary value problem

utt:a2um, 0<z<oo, 0<t< oo,
ug(2,0) =0, 0<t< o0,
u(z,0) = f(x), ui(z,0) = g(x), 0< 2 < o0.

Solution. Let us apply the Fourier cosine transform with respect to x:
~ 2 [
00 =/ [t teosn)de.
T Jo

We can immediately verify that the boundary condition u,(0,¢) = 0 is satis-
fied. Indeed,

2 [
u(z,t) = \/ / u®(\, t) cos(Az) dA,
T™Jo
whence, upon differentiating with respect to x,
2 . .
ug(z,t) = \/ )\/ a®(\, t) sin(Az) dA,
™ Jo

which implies u,(0,¢) = 0. Next, using the relations

w00 =2 [T neostncrac
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N\ ) = \/i /000 uce (€, 1) cos(AQ) d¢,

Fov=y/2 [ roes00
70 =2 [T o000

we are led to the Cauchy problem for a second-order ordinary differential equation:

275¢
{ FEND | 2xegen =0, 1>,
(

and

dt? B
ut(A,0) = f(N),  ui(A,0) =g°(N),

with the unknown function @°(A,t). The solution of this equation has the form

sm(a)\t)

(A1) = FO(N) cos(art) + G°(N) o

Now the sought function u(x,t) can be found by applying the inverse Fourier

cosine transform:
2 [ _
u(z,t) = \/ / u(A, 1)) cos(Ax) dX =
™ Jo

\/ / [fc ) cos(aAt) + ()Smiakt)}cos()\x)d)\:

\/ / Fe(N) cos(art) cos(Az) dX + \/ / s1n a)\t) cos(Az)dA.

Let us consider separately two cases:
(1) = —at>0. Then

u(z,t) = ;\/i /000 FE(N)[cos Az + at) + cos A(z — at)|dA+
\/ / sm Az + at) —sin A(z — at) Dy —
St faa) ¢ [ “‘”

_ 1 r+at

cos()\s)ds] d\ =

—at
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(2) x —at < 0. Then
u(z, t) \/ / Fe(N)[cos Az + at) + cos A(at — x)]dA +
\/ / sm MMz + at) —sin A(at — ) Dh =

_ flatat) ; flat—z) \/ / [ Hat cos()\s)ds} A,

Since the function g(z) is defined only for positive values of z, the last integral
must be transformed as follows:

x+at 0 x+at
/ cos(As)ds = / cos(As)ds +/ cos(As)ds =
T 0

r—at x—at

0 z+at
—/ cos(/\s)ds—l—/ cos(As)ds =
a 0

t—x

at—x x+at
:/ cos()\s)ds+/ cos(As)ds.
0 0

\/727 /Ooo g°(\) [/Lijt Cos()\s)ds] A\ —
- Uomt * (\/i /ODO G°(V) cos(As) dA) +
<¢ / A) cos(As) dA)]

= /;Jrat g(s)ds + /0 o g(s)ds.

We conclude that the sought solution is

T +a T —a z+at |z—at|
u(z, t) = f(w+at) ; iy 2 + 21a {/0 g(s)ds — sign(z — at)/o g(s)ds} ,

Therefore,

where
1, ifz >0,

sign = 0, ifx=0,
-1, ifz<0O.
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Remark 1. For the functions f(z) and g(x) one could take, for example, the func-
tions ¢~92”, ¢=or (x> 0), 1/(a® + 2?), etc.

Remark 2. To solve the problem on the half-line with the boundary condition
u(0,t) = 0 we must use the Fourier sine transform. Indeed, if

T ) = \/ i /O (¢, 1) sin(AQ) e,
then
w(z, ) = \/ i /0 T 1) sin(Aa) d,

whence u(0,¢) = 0.
Now let us consider a more complicated problem in which the Fourier trans-
formation applies.

Example 2 [4, Ch. II, no. 176]. Solve the Cauchy problem
Ugt = 0% Uy + u + f(x, 1), —00 < x < 00, t>0,
u(z,0) =0, ue(x,0) =0, —00 < & < 00.
Solution. Let us apply the Fourier transformation with respect to the variable x to

both sides of the above partial differential equation. This yields a nonhomogeneous
second-order ordinary differential equation with nonzero initial data:

{ ﬂtt(c: t) + (CLQCZ - Cz)ﬂ(C’ t) = f(Ca t)7 t> Oa
ﬂ(g 0) = ﬂt((v 0) =0.

To solve this Cauchy problem we will use Duhamel’s method. Specifically, let
us solve the auxiliary Cauchy problem

{vtt—l—(aZCQ—cQ)v:O, v=uv(C,t 1), t>T,

’U|t=7— =0, Ut‘t:‘r = f(CaT)

Then the solution @((, ¢) of the original (Fourier-transformed) problem is given by
the formula

t
w((,t) = ,t,T)dT,
e = [ ot
where
v((,t,7) = Cy cos (\/a2(2 —c%t) + Cysin (\/a2(2 —c*t).
This yields
0= Cycos (va2C2 — ¢ 7) + Casin (Va2¢2 — ¢27),
F(¢,7) = —C1\/a2C? — 2 sin (\/a2C2 —71)+
+ Co/a2(? — ¢ cos (\/a2C2 — 7).
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Denote \/a2¢2 — ¢2 = b. Then

C cos(br) + Cysin(br) = 0,

C1 (= sin(b)) + Cp cos(br) = (i)’ .
whence (b)
0 sin(br f¢, .
C = ‘ J?(CZ;T) cos(br) - (b ) sin(br)
and (b)
cos(br 0 f §7
Csy = _ sin(br) f(C ) ( ™) cos(br).
Therefore,
v((, t,T) = —f(i)’ 7) sin(br) cos(bt) + f(% ™) cos(br) sin(bt) =
= f(i)’ 7) sinb(t — ) = \/52(52’7_) " sin (\/aQCQ —2(t— T))7
i.e.,

sm \/QQCQ—CQ(t—T))
0= [ ficn Gia

Now applying the formula for the inverse Fourier transform we get

u(z,t) = \/1271_/_ u(¢,t)e® d¢ =

= Jon /dr/ . )Sin(\/\a/zj;@—ig—ﬂ) i g¢ =

sm \/a2(2—02(t—7')) i)
\/271/ dT/ dC/ f(A Va2t — 2 e dA.

In the theory of Bessel function one has the formula

. 1/ N
s 2/ Jo(rsin @ sin §) e’ < # <05 0 5in 6 dp.
r 0

Now let us change of variable in this identity according to the rule
reosyp = —al(t — 1), rsing =ic(t — 7).

Then 72 = (t — 7)%(a%¢% — ).
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It follows that
sin (\/a2(2 -3t-7) 1
Va2 —t-1) 2

Next, let us make the change of variable cos @ = 3/(a(t— 7)) in this integral. Then
—sinfdf = df/[a(t — 7)] and

/ Jo(ic(t — 7) sin §)e 12 (E=T)cosb i g
0

= ; / Jo(ic(t — 7) sin §)e =126t cos b gin g —
0
1 fat-7) ) 52 e—iCB
_2a/_a(t_T)J0 (ZC(t_T)\/laz(t—T)2 t_Tdﬁ_
1 a(t—r) \/ 32 e—iCB
= I t—71)%— dg.
2, /a(tT) 0 (C ( T) a2 t— 7T ﬁ
u(z,t) / dT/ d¢ x
Jo%e) a(t 7-) .
X / f()\,r) (t—7)2 eCE@E=A=B g dx
—00 —a(t— 7')

Let us set
Io (c\/(t — ) . i 18] < alt — 7],

0, if |3 > alt — 7.

Consequently

9(B) =

Then
a(t—7) 2 , a(t—7) ,
/ I C\/(t—r)z—@ A dp = g(B)e =7 dp.
—a(t—T7) a —a(t—T)

By the Fourier integral formula,

o |4 [ a9)E P a5 = g(a - ),

This yields (by the definition of the function g(3))

I (C\/(tT)Q _ (I;;‘V)’ ife—alt—7)<A<z+a(lt—71),

9@ =)= 0, if —co< A<z —alt—r1),
orz+alt—7) <A< oo.
We finally conclude that

u(w,t) / dr /;:::)T) F\ 1) <C\/(t —7)2— (=@ a2)\)2> dX.
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The two-dimensional case (two space variables).

Example 3 [4, Ch. VI, no. 106]. Solve the boundary value problem

Uy = a® (Ugy + uyy) + f(2,9,1), —00 < T,y < 00, t>0,
uli=o = 0, ugli=0 = 0, —00 < T,y < 00.

Solution. Let us the Fourier transformation with respect to the variables x and y
to our equation and the initial condition, using the relations

(A, p,t) // —IAEE )y (2, y, ) da dy
1 z()\er )
u(z,y,t) = 27r e (N, i, t) dNdp

FOu 1) // IS 1Y) £y 1) da dy

and

//e—i(Az+uy) (Umx + uyy) dx dy = *()\2 + N2)ﬂ()‘: N?t)

(the last of which is established by means of integration by parts and using the
fact that the function u(x,y,t) and its partial derivatives u, and wu, vanish when
x and y become infinite). This yields the Cauchy problem

Ue(\, ) + a® (N 4 p?) T o t) = fF(A 1), £>0,
a(\ 11,0) =0, @ (\ p,0) = 0.

Solving this new problem by Duhamel’s formula (method of variation of con-
stants), we obtain

t— A2 4 p?
00 1) / f sm (af . ©?) ir
a\//\Q + p2
Next, applying the inverse Fourier transformation we have
sm a(t —T)VA2 ) ,
u(z,y,t) = / dr X/ f (A, i, t) ATty gX dp.
ar/A2 + p?
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Inserting here the value of f()\, 1, t) and denoting v = \/)\2 + w2, we arrive at the

relation
1 t
u(z,y,t) = (27r)2/0 drx

Ay sin(av(t — 1)) iz —C)+n(y—n)]

To calculate the quadruple indefinite integral we introduce polar coordinates
via the relations

(—x=pcosy, A =wvcosb,
n—1y = psingp, ©=wvsinb.

This immediately gives
AM¢ =)+ pu(n —y) = preos(f — ) = pvcost

where ¢ = 6 — . It follows that

/ / / / f(¢m,7) Sm(a';sf =) g0ty d¢ dnyddy =

[e%s) [e%s) 27 27 :
t— )
~[ [ [ ao [ s SIar(E =) ipueos gy,
0 0 0 0 a

v

Now observe that the following relation (integral representation of the Bessel
functions) holds:

AL . .
Jn(x) _ ( 273 / el cos erlnwd’(ﬁ.

In particular,
1 27 )
R
27T 0

or (considering z real)

1 n —ix cos Y
Jo(z) = or J, e di.

It follows that

o] 0o 2m 27 : _ )
/ dﬂ/o d”/ de | £¢mym) =) ipvcon gy,
0 0

av

o 00 0o 2m )
= a/o d,o/o du/o f(¢,mym)sin(av(t — 7)) Jo(pv) de.
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We shall also use the fact that

- 0, ifa(t—71) <p,
/ Jo(pv)sin(av(t — 7)) dv = 1 ifat— 1) > p.
0 \/aQ(t —7)2 - p27
Therefore,
00 00 27
/ dp/ dv F(¢,m,7)sin(av(t — 7)) Jo(pv) dp =
0 0 0
/““ 7 fCmT)pdpde
0 \/a2 t—71)2— p?
Finally,
(e, / /"(t ™) /27r (TR, pdpd@
Yot ~ ona Va2 (t —7)2 — p2
or

u(z,y,t) = / //<a(t 9 \/aZC tﬁa_ i)dgiiz)

The three-dimensional case (three space variables).

Example 4 [4, Ch. IV, no. 107]. Solve the boundary value problem

{utt:a2 (uxz+7Lyy +Uzz)+f($7y72,t), —o0 < 7,Y,2 <00, t>07

U‘t:() = 0, ut|t:0 = 0, —xo <2,y z <.

Solution. Applying the Fourier transformation with respect to the variables x, y,
z to the equation and initial conditions, we obtain the Cauchy problem

st (N, o, v, ) + a® ()\2 + p? +V) u(A, p,v,t) = ()\ vy t), t>0,
ﬂ()\7 :LL’ I/’ t)‘t:() = O’ ﬂt()\’ ILL’ I/’ t)‘t:O = 0’

where
u(A, p, v t) = )3/2 /// TIOTFRY V) (g g 2 ) dae dy dz,

and

~ 1 ra )
f()‘vﬂ7 v, t) = (2 )3/2 ///e*l(AQH‘My*H/Z)f(x? Y, z, t) dx dy dz.
s
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The solution of this problem (by analogy with the preceding one) is given by the

integral
t . ‘
it = [ Founn™ = ar,
0 ap

where p? = A% + p? + 12,

By the formula for the inverse Fourier transformation,

(e, 2,1) = 2)S/clr/ [ sty =T

¢! M= +nly=m+v (=0l ge dn d¢ d\ dy dv,

where the sextuple integral is taken over the domain {—oco < &,1,{, A, v < oo}
To calculate this integral we will pass to polar coordinates via the formulas

{{—x =rsinfcosp, n—y=rsinfsing, (—2z=rcosh,

A =psinocosy, pu=psinocsiny, v =pcosa,,

where o is the angle between the vectors 7 = (€ — )i + (7 — y)j + (¢ — z)k and
p= Ni + ,uf—l— vk. Then we have

u(z,y, z,t) = (271r)3 /Oth/Oo"/O“’/077/07r/027r/027T )

X f(z+rsinfcosp,y+rsinfsing, z +rcosd, ) x

X sin(ap(t = 7)) p*r?sinfsing e 7dp dr df do dip dip =

1 t e} e} s 2m
= 3 dr f(z+7rsinfcos @, y+rsinfsing, z4rcosh, T) X
(27m)3a Jo o Jo Jo Jo

™ 27
x sin(ap(t — 7))pr?sin @ dp dr df dcp/ e TSI ging dO’/ di.
0 0

Observing that

T L 27
/ e TS T gin g do = 2sin(pr) , / dip = 2m,
0 pr 0

we get

1 t
u(z,y,z,t) = 27r2a/0 dr x

0o 0o ™ 27
X / / / / fx+rsinfcosp,y+rsinfsinp,z + rcosb, ) x
o Jo Jo Jo

x sin(ap(t — 7)) sin(pr) sin @ rdp dr df dy =
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27
= 42 / dT/ / / f(z+rsinfcosy,y+rsinfsinp, z+rcosh, ) x
m

rlcos p(r —a(t — 7)) — cos p(r + a(t — 7))] sin @ dp dr df dep.
Now note that the following equality holds (Fourier integral):

Y [ o) costotr — ) dr = g(s),
g

whenever g(r) = 0 for r <0.
Hence, choosing

o) = { rf(x+rsinfcos,y + rsinfsing, z +rcosd,7) if r >0,

if r <0,

we get
L[~ o . s
dp rf(xz+rsinfcosp,y+ rsinfsinp, z + rcosh, )%
T Jo 0

x cos[p(r — a(t — 7)) dr =
=a(t—7)f(x+a(t—7)sinbcosp,y+a(t —7)sinbsinp, z + a(t — 7) cos b, 7).

Similarly, the function
1 [e ] oo
/ dp/ rf(x+rsinfcosp,y+ rsinfsing, z + rcos, 7)x
T Jo 0

x cos[p(r + a(t — 7))] dr
is equal to
[—a(t —7)]f(x —a(t — T)sinfcos g,y — a(t — 7)sinfsinp, z — a(t — 7) cos §, )

if t <7, and is equal to 0 if ¢ > 7. We conclude that

a t T 27
u(m,y,z,t)zllﬁ/o(tfr)dr/o /0 X

X f(x+a(t—7)sinbcosp,y+ a(t — 7)sinfsinp, z + a(t — 7) cos O, 7) sin 6 df dep.

Now subjecting the last integral to the change of variables r = a(t — 7)
(whence 7 =t — r/a) and passing from the surface integral to a volume integral,
we finally obtain

r<at

where 7 = \/(z — €)% + (y —1)? + (2 — ().
To conclude this section we will consider yet another example of application
of the Fourier transformation.
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Example 5 [4, Ch. IV, no. 108]. Solve the following boundary value problem (on
the oscillations of an infinite plate):

g + b2A% = 0, —o0 < x,y <oo, t>0,
u|t:0 = f(xvy)v ut|t:0 = 0: —o0o <,y < o0.

Solution. Let us apply the Fourier transformation with respect to the space vari-
ables to the given equation and initial conditions. First we find

A2u e 1 OTtY) o 4 tu 84u e 1T tY) qo g
v= 83:4 8962631 8y4 v

Integratmg by parts (and observmg that the terms outside the integral symbol
vanish) we get

/ A2y e O ) o dy = (N2 + p2)a(, p, t),

where, as usual,

(A, 1, t) // u(z, y,t)e” " A dg dy.

Foum) = / £ (@, y)e= O+ g dy.

Also,

Thus, we arrive at the Cauchy problem
e (N, i, t) + b2 (A2 4 p?)a(\, p, t) = 0, —oco <,y < oo, t>0,
{mtzo =fO0p),  Ulieo=0, —oo<uazy<oo.
The solution of this problem is
(A 1, 1) = J(A ) cos(b(A® + )1,

Now using the inverse Fourier transformation we obtain

Uzt = o >2/ / / F(&m) cos(bt(N* + i) D= m=ml ge dp dX dy =

—0o0 —0o0

1 o0 o]
= (272 /// F(&m) cos A — &) cos p(y — 1) cos(bt(A + p?)) d€ dn dA dp
(here we used the formula e'® = cosp + ising and the fact that the integrals
containing sin A(z — &) and sin u(y — 1) are equal to zero).
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Let us carry out the integration with respect to A and p using the relations

oo 2
/ cos(po?) cos(qo) do = \/2 cos (Z — Zp) ,
p>0

—00

oo 2
/ sin(po?) cos(qo) do = \/g sin <Z - Zp) )

—0o0

This yields

// cos Mz — &) cos u(y — n) cos(bt(\* + p?))]d\ dp =

= // cos Mz — &) cos u(y — n)[cos(btA?) cos(btp?) — sin(btA?) sin(btu?) d\ du =

= / cos Az — €) cos(btA?) d\ - / cos p(y — 1) cos(btp?) du—

- /OO sin(btA?) cos A(z — €) d - / sin(btp?) cos u(y —n) du =

i () o (1)
() o () -
= g Leon (o) eon (=) moim (o) sin (=) =

- il ),

where we denote
o= (- _ -y
2/t 2v/2bt

Passing to the variables @ and 3 in the integral
! /7 F€m) | sin(o? + %) dé d
(27)> " g

we finally obtain

u(z,y,t) = //f(ac + 20V/bt, y + 28Vbt) sin(a? + 3%) de df3.

1
us
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2.4. The Laplace integral transform method
We have already demonstrated how to the Fourier transformation applies in solv-
ing some problems. In this section we will become acquainted with the Laplace
transformation.
Let the function f(¢) satisfy the following conditions:

(a) f(t) is piecewise continuous on the segment [0, a] for any a > 0;

(b) f(t) =0 for ¢t < 0;

(c) there exist numbers M > 0 and so > 0 such that |f(¢)] < MSot.

Then the Laplace transform of the function f(¢) is defined to be

LIf(t)] = F(p) = / Ty dr,

where p = s + io; this will be denoted by f(t) = F(p).
Clearly, the Laplace transformation is defined if s > sg (this ensures that the
integral converges).

Let us indicate two basic properties of the Laplace transformation.
(1) Linearity, i.e., L[Cyf1 + Cafa] = C1L[f1] + CoL[f2], where C; and Cj are
arbitrary constants.
(2) Partial derivatives transform according to the following rules: if u = u(z,t)
and the Laplace transformation is taken with respect to the variable ¢ (¢ > 0),
then, denoting

Liu(z,t)] =U(z,p) = /000 e Plu(x,t) dt,

and assuming that certain conditions on the function u(x,t) and its partial
derivatives are satisfied, one has

L or | =20~ utw0)

0%u 9 ou
L [8752] =p“U(x,p) — pu(z,0) + ot (z,0),

ou ou 0%u o*U
L [896} - Ox (z,p), L [&T?} - Oa? (z.p).

These equalities are established by integration by parts.
The Laplace transformation has of course many other properties, but we will
not dwell further upon them.
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We see that the Laplace transformation replaces differentiation with respect
to the time variable ¢ by multiplication (by p). This important observation is used
in solving partial differential equations.

The block diagram of the application of the Laplace transformation to the
solution of partial differential equations is completely analogous to that for the
Fourier transformation (Figure 2.10).

Boundary Boundary
value problem [———3 value problem
for u(z,t) for U(z,p)

u(z,t) ~—— U(z,p)

FiGURE 2.10. Block diagram of the Laplace transform method

Table 2.2 shows the Laplace transforms of several functions.
Now let us demonstrate how the Laplace transformation applies in solving
hyperbolic equations.

Example 1 [3, no. 383]. Suppose that starting with the moment ¢ = 0 an electromo-
tive force E(t) is applied at the endpoint z = 0 of a semi-infinite isolated electric
line. Find the voltage u(z,t) in the line if it is known that the initial voltage and
the initial current are equal to zero, in the following two cases:

(a) lossless line (R =G = 0);
(b) distortionless line (RC' = RL).

Solution. The mathematical formulation of problem (a) has the form

1
utt—Lcum, O<zx<oo, 0<t<oo,
(@) u(0,t)=E{), 0<t<oo,
u(z,0) =0, up(x,0) =0, 0<z< oo,

where L and C stand for the inductance and the capacitance per unit of length of
the conductor, respectively.
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Table 2.2 Laplace transforms of several functions

no. Function f(x) Function F(p) = L[f(t)]
1
1 Heaviside function 6(t) , Rep>0
p
2 t" (n > 0 an integer) -1'-17 Rep >0
p’n,
at 1
3 e , Rep>a
p—a
4 in(at) ¢ Rep>0
sin(a e
p2ta2 P
p
5 t R 0
cos(at) P2+ a2 ep >
. a
6 sinh(at) 22—’ Rep > |al
p
7 cosh(at) 22— Rep > |a
8 e sin(bt) b Rep>a
(p—a)*+b*’
p—a
9 at bt , Rep >
e cos(bt) (p— )2 + 12 ep>a
) a/2/z 1
10 1-— / e~ da e WP a>0
\/’/T 0 p
11 sin(at) T arctanp, Rep >0
t 2 a
12 Jo(at) !
«
0 Va2 +p?

Let us apply the Laplace transformation with respect to ¢ to both sides of
our partial differential equation, taking into account that

u(@, ) =U(w,p),  w(z,t)=pUr,p),  uu(w,t)=p’Ulz,p),
and
wa(xat) = Uwz(xap)> E(t) = F(p)
We obtain the ordinary differential equation
p*U(z,p) -
with the boundary conditions
U(0,p) = F(p),  Uloo,p)=0

(the second of which follows from physical considerations).

1
LCUm(x,p)—O, 0<z< o0,
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Therefore, we have to solve the boundary value problem

Use(x,p) = p*LCU(2,p) =0,  0<z <00,
U(0,p) = F(p), U(oo,p) = 0.

The general solution of our ordinary differential equation is
Uz, p) = CrePVEC® 4 CyePVICT,

where C; and Cy are arbitrary constants. First of all, we must put C; = 0, because
otherwise U(x,p) — oo as © — oo. Hence,

U(z,p) = Coe PVICT,

Setting here x = 0 we get U(0,p) = Cs. By assumption, U(0,p) = F(p), and so
Cy = F(p), ie.,
Ula,p) = F(p)e ™V .
Returning to the original (i.e., applying the inverse Laplace transformation)

we get
{ E(t —VLCuz), ift>+LCu,
u(z,t) =

0, ift >LCx.

Now let us consider case (b). Its mathematical formulation is

Upe = aZugs + 2buy + cu, O0<z<oo, 0<t<oo,
(b) qu(0,t)=E(), 0<t<oo,
u(z,0) =0, ut(z,0) =0, 0<z< oo,

where a?> = LC, b = (CR+ LG)/2, and ¢ = RG, with R and G denoting the
resistance and the conductance per unit of length of the conductor.

Applying here the Laplace transformation, we obtain the boundary value
problem

Use(2,p) = a®p*U(x,p) + 2bpU (z,p) + U(x,p), 0 <z < oo,
U(0,p) = F(p), U(oo,p) = 0.

The general solution of this ordinary differential equation has the form
U(x,p) _ Clea(p—‘r [;’2 )1 + C2e—a(p+ ub2 ):E
The boundary condition U(oo,p) = 0 yields C7 = 0, and so

Uz,p) = F(p)e P+ )7 = F(p)e = we—ape,
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This shows that the voltage in the line is

e« "E(t —az), ift> az,
0, if t < ax.

u(z, t) = {

Example 2 [4, no. 839]. Solve the following initial-boundary value problem on the

half-line:
utt=a2um, O<zr<oo, 0<t<oo,

u(z,0) =0, ug(x,0) =0 0<z< 0,
uz(0,8) — hu(0,t) = p(t), 0<t<oo.
Solution. Again, let us apply the Laplace transformation with respect to the vari-
able ¢ to both sides of the given equation as well as to the boundary and initial
conditions. this yields a boundary value problem for an ordinary differential equa-
tion:
P2
U$ac(x>p)_ agU(xap):O7 0<$<OO,
where ®(p) = p(t).
As before, the solution of this problem is U(z,p) = Ce™«*, where C is
an arbitrary constant. The boundary condition gives —2 — hC = ®(p), whence

_ _a®(p)
C’——ahfp and

a®(p) —he

U($7p) = _ah+p

Therefore, the original has the form

(.t) 0, if x > at,
U x’ = —xr/a .
—ael(=at) fg / ehmo(r)dr, ifz < at.

2.5. The Hankel integral transform method

Suppose given a function f(p) (0 < p < o0). If it satisfies certain conditions, then
one can define its Hankel transform (of order zero) by the rule

o) = /0 h pf(p)Jo(Ap) dp,

where Jj is the Bessel function of first kind of index zero. Then the function f(p)
is recovered from its image by applying the inverse Hankel transformation:

f(o) = /O T AT Jo(Ap) dA.
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The function f()\) is called the Fourier-Bessel-Hankel transform or image of the
function f(p), which in turn is called the original.

Clearly, it is advisable to use the Hankel transformation in the case when the
Laplace operator Au (or the operator A%u) is written in polar coordinates and
the polar radius ranges from 0 to co. Let us give some relevant examples.

Example 1 [4, Ch. 4, no. 109]. Solve the boundary value problem
0%u  10u
u“:a2<8p2+pap>’ 0<p<oo, 0<t<oo,
B A
1+ p2/b2

where a?, A, and b? are some constants.

u(p7 0) Ut(ﬂ7 0) = 07 0< p <0,

Solution. To derive the equation for the image w(\,t), let us apply the Hankel
transformation (of order zero) with respect to the variable p to the given equation.
We have
u(At) = / pu(p, t)Jo(Ap)dp, and also wu(p,t) = / A(A, 1) Jo(Ap) dA.
0 0
The left-hand side of our equation transforms as
u(p,t) = up(A,t).

The right-hand side of the equation transforms as follows (here we use integration

by parts):
*©10 ([ ou /°°8<0u>
Jo(Ap) dp = Jo(\p)dp =
/0 pap<pap>p o(Ap) dp o0 \Pop o(Ap)dp

(sintw)

, oo < Ou
=M ONIE ) [ g (050 dp =

o < Ou /°° ou
— [ AL T dp=—A Ji(Ap) dp =
. /0 P 0(Ap) dp P 0(Ap) dp

A [0+ T O udo = [T 025 ) + M),
0 0

where the integrated terms vanish thanks to the condition u(oo,t) = u,(c0,t) = 0.
By definition, the Bessel function Jy(x) satisfies the equation

A
N2JY (\p) + ) Jy(\p) + A2 Jo(\p) = 0,

whence N
NpJy (Ap) + ) Jo(Ap) = =pA2Jo(Ap).
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Therefore,

19 [ du oo
Jo(\p)d :42/ udo(Ap) dp = —=\2TU(\, t).
/Opap(pap>po(p)p P o(Ap) dp (A1)

We see that the given partial differential equation is transformed into the
ordinary differential equation

Tee (N, 1) + a®N2U(\ t) = 0, t>0.

Now let us calculate the Fourier-Bessel-Hankel image of the function u(p,0) =
A/\/1+ p%/b2. We have

_ [T pA
o- [ i N o

It is known that

& 1
e M o(p)) dX\ = ,
/0 ol Vw? + p?
whence
/OO@WA)\J()\)d)\— !
0 A otp \/w2 + p2 ’

Therefore, by the inversion formula,

/m L nendp =
0 \/(,4}2 T p2 pPJolp P A
which gives
oA
/ \/b2 pJo (p\)dp = A
We thus arrive at the Cauchy problem

T (N, 1) + a® N2\, t) = 0, t>0,

a0 =" e

ur(A,0) = 0.
The solution of this problem is

g = 0

N e " cos(alt).

To obtain the solution of the original problem, it remains to apply the inverse
Hankel transformation:

u(p,t) = / Ma(\, 1) Jo(Ap) dX = Ab / e~ cos(at)Jo(Ap) dA.
0 0
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Since _
cos(at) = Ree 1M,
we get
> . 1
u(p,t) = Ab- Re / e AMbHiat) 1xp) dX = Ab - Re
(p, 1) ; 0(Ap) o+ (bt dat)?
Further,
1 1 1 1
= Re )
\/p (b + iat)? b \/1+p b22t2 ZQZt b Va+if
where we denote 9o
p° —a‘t 2at
a=1+ 2 b= b
We have
1 1

Re . =Re
Va+ip \/a2+ﬁ2(cos‘§+isin“2°)
(here we choose the first branch of v/a + i3, corresponding to k = 0 in the expres-
sion o+ = y/a? + 32 /¢ +2R)/2 where k = 0, 1). Obviously,
1 _ cos(p/2)
R aris Va2 432
with
B
any =
e

and

cos(cp/2)\/1+;08<p \/1+cos<,0* \/2\/ \/a2+62

Therefore,
1

e
Re = + .
vat+if V2 \ a2+ 52 o+ 5
Thus, the solution of our problem is
2 22 1/2
A 1 14

VL ey e () e
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Example 2 [4, Ch. VI, no. 110]. Find the radially symmetric transversal oscillations
of an infinite plate, assuming that its initial position is given (and depends only
on the radius) and the initial velocity is set equal to zero.

Solution. It is known that the transversal oscillations of an infinite plate are de-
scribed by the equation us + b2A2u = 0 with prescribed initial conditions. In the
present case it is convenient to pass to polar coordinates and write the mathemat-
ical formulation of the problem in the form

2u 10\’
utt+b2( u+ )u—O7 0<p<oo, 0<t<oo,

9p*  pop
u(p,0) = f(p), u(p,0) =0, 0<p<oo,
u(00,1) = uy(00,1) = upp(00,1) = upypp(00, 1) =0, 0<t< 0.

Let us calculate the Hankel transform of the function
<82u+ 1 a>2u: 10 (pa (1 d <p8u>>)'
dp* ~ pp pOp \"9p\pdp\" Op
We have (observing that the integrated terms vanish)
I ACARAGH)) ELE
LA G () s
L AR e
= s on (700) o (ray 00 0=
SR )
= [ o (7 (o (25 o0 ) )
oo o (y oy (23, G0) ) ) =
A A G <ApJa(Ap)>)> -
g (75 (5 00+ 203000 ) ) =

=g (79 (500 25500 ) ).

But
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Next, from the Bessel equation
NP2 JG (Ap) + ApJy(Ap) + A2p*Jo(Ap) = 0

it follows that L
) Jo(Ap) + A5 (Ap) = =AJo(Ap).

Therefore,
) o (1
=\ JEOp) + ATV (A >>=
8 ! ! !
=\ 9p PToM)) = =N [Jo(Ap) + ApJg (Ap)] = X pJo(Ap).-

We conclude that

/oo 82+13 2 Jo(\p)d f)\“/oo(t)J()\)d = \a\ )
o T o) wrleQerdp =27 | ulp,)pdo(Ap) dp = XU D),

and so our original problems is transformed into the following Cauchy problem for
an ordinary differential equation:

Uge + DN (N, 1) = 0, t>0,
(X, 0) = f(\),  @(X0)=0,

where () = [5° f(p)pJo(Ap) dp.
Clearly, the solution of the latter is given by

AN 1) = F(A) cos(bA%t).

The solution of the original problem is recovered using the inversion formula:

u(p,t) = /0 h AF(N) cos(bA2t)Jo(Ap) dA =

= [ rcosonon ([ nstmun ) r=
0 0
= [Tt ([ reosox0 5001500 a0 ) e
0 0
The integral inside parentheses is further transformed as follows:

/ A cos(DA2t)Jo(Ap)Jo (M) dX = Re / AP Ty (Ap)Jo(Ap) dX =
0 0
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1 2, 2 . oL
—R (P 1)/ (4ibt) _
¢ _oint © O\ —2ipt
I R A o T i
— I ( ) —
Re ot (l S gpe T gy )0 Nop
_ Lt (pu)
20t apt O \awt /)
Thus, the solution has the form

1 [ P
e

2 2

+ p Io(pu) .

t
up,t) Abt %Wt

2.6. The method of standing waves. Oscillations of a bounded string

We already know how to solve the wave equation wu;; = a?ug, on the whole line
—00 < & < 0o (Cauchy problem). The d’Alembert formula expresses the solution
as a sum of two travelling waves that propagate in opposite directions. If we now
consider the same equation on a bounded interval 0 < x < [, then travelling waves
no longer exist, since they interact with the boundary. Instead of them a different
kind of waves arise, called standing or stationary waves.

For example, let us examine what happens if a string fastened at the points
x = 0 and x = [ is set into motion. To answer this question we must solve the
following mixed hyperbolic problem:

Upp = A2 Ugy, O<zxz<l, 0<t< oo, (2.9)
w(@,0) = f@),  w(e0)=gx), 0<a<l (2.10)
u(0,t) =0, u(l,t) =0, 0<t< o0 (2.11)

here (2.9) is the given partial differential equation, (2.10) are initial conditions,
and (2.11) are boundary conditions. It turns out that in this case travelling waves
are reflected at boundaries in such a way that the resulting oscillations do not
travel, but preserve their shape in a fixed position, i.e., they are standing waves.
For example, the solution u(z,t) = sinzsin(at) of the equation uy = au,, is a
standing wave.

Problem (2.9)—(2.11) will be solved by the Fourier method (the method of
separation of variables). The essential steps of this method are treated in suffi-
cient detail in a number of textbooks (see, e.g., [1], [5], [22]). We will recall here
only the idea of the method. Assuming that the solution u(z,t) = X (x)7T(t) sat-
isfies only the boundary conditions (2.11), one passes from the partial differential
equation uy = a’ug, to two ordinary differential equations: X” + A X = 0 and
T" 4+ Xa?T = 0, where A > 0 is the separation constant. Combining the solutions
of these equations, we obtain particular solutions of problem (2.9)-(2.11) of the
form X, (¢)T,,(t), where n =1,2,...
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By the superposition principle, the general solution of problem (2.9)—(2.11) is
given by a series u(z,t) = Y " | C,, X, (z)T,(t), where C,, are arbitrary constants.
Using the initial conditions, one can determine the coefficients C,. The block
diagram of the described process is shown in Figure 2.11.

u(0,t) = u(l,a;a)C =0
u(z,t) = X(2)T(¢)

! !

XII+>\X:O T”-FACLQT:O
£(0) = X0 O, T (1)
A Xn(z)

(e, t) = i X () [An T (t) + B, T (t)]
n=1

:

’U,(JJ70) :f(x)v ut(x,O) :g(‘r)
A, = A", B, =B

!

u(et) = Y- Xo(o) [AZ)(0) + BT (1)

n=1

FIGURE 2.11. Block diagram of the separation of variables

Thus, the solution of problem (2.9)—(2.11) is given by the series

u(z,t) = i [an cos (mlm t) + by, sin (mlm t)} sin (nlw ac) . (2.12)

n=1
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Setting here first t = 0 we get
Nt . /nT
u(z,0) = ;anmn( . x) .
But u(x,0) = f(z), and so
> . /nmw
flx) = nz::lansm( ] x) .

We obtained the Fourier sine series expansion of the function f(z) in the interval
(0,1). As is known, its coefficients are computed by the formula

9 [l
ap = / f(z)u(z,0)sin (mr x) dz.
L Jo l
Next, differentiating the series (2.12) with respect to the variable ¢ we get
u(z,t) = Z {—an mlra sin (mlra t) + by, mlra cos (mlra t)} sin (n;r x) . (2.13)
Setting here ¢ = 0 we obtain
ug(x,0) = nz::l by, mlm sin (n;r a:) .
But u:(z,0) = g(z), and so
g(x) = ;bn n7lra sin (n;T 1;) .

It follows that

nwa 2 [t . o/nm
by, ; zl/og(x)sm(l 3:) dz,

2 ! nm
b, = Si dx.
mra/o g(x) 51n( ] x) T

Thus, the coefficients a,, and b,, are determined by the initial conditions.

ie.,

Remark 1. When a nonstationary problem is solved by means of the method of sep-
aration of variables, it is essential that the boundary conditions be homogeneous.
In other words, if the boundary conditions are not homogeneous, then on has first
to reduce the problem to one with homogeneous (null) boundary conditions.
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Remark 2. If we wish to solve the nonhomogeneous equation wuy = a?ug, + f (z,t)
with homogeneous boundary and initial conditions, then we need first to find
the eigenfunctions of the corresponding homogeneous problem (us = auy, plus
homogeneous boundary conditions; in the present case, for instance, the eigen-

functions are X, (z) =sin (" z), n =1,2,...), and then seek the solution of the

given problem in the form u(z,t) = Y0 u,(t)sin ("] x), where the functions

un(t) are subject to determination. This approach to solving a problem is called
the method of expansion of the solution in eigenfunctions.

Remark 3. Suppose we wish to solve the following hyperbolic problem:

Ugy = 0% Ugy + f(,1), O<z<l, 0<t<oo,
u(0,t) =0, wu(l,t) =0, 0<t< 0,
u(z,0) = p(z), u(z,0) =(x), 0<z<lI.

According to the superposition principle, the solution of this problem can be rep-
resented as the sum of the solutions of two hyperbolic problems:

Uty = 0 Uge + f(2,1),
) u(0,t) =0, wu(l,t) =0,
u(z,0) =0, wu(z,0)=0,
and
Uty = a2uma:>
(1D { u(0,t) =0, wu(l,t)=0,
u(z,0) = p(x), w(z,0)=19().

2.7. Some examples of mixed problems for the equation
of oscillations of a string
Example 1. The mixed problem

utt:a2um, O<zr<m, 0<t<oo,
u(z,0) =sin(3z), w(x,0) =0, 0<z<m,
u(0,t) =0, wu(m0)=0, 0<t< o

admits the solution u(x,t) = sin(3x) cos(3at), as one can readily verify directly.
Example 2. Consider the problem
Ugt = a*Ugy + Lsinz, O<z<m, 0<t<oo,

u(z,0) =0, w(z,0)=0, 0<z<m,
u(0,t) =0, wu(m0)=0, 0<t<oo.
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Let us seek its solution in the form wu(z,t) = sinx - v(t), where the function
v(t) need to be determined. Substituting this expression of u(x,t) in our non-
homogeneous equation we obtain the following ordinary differential equation for

u(t):

- . .
v'sinz = —a%sinz - v+ tsinz,

whence
v+ a’v =t.

From the boundary conditions it follows that v(0) = v'(0) = 0. Therefore, v(t) is
a solution of the Cauchy problem

v +au=t, 0<t< oo,
v(0) = v'(0) = 0.

The general solution of the differential equation v” + a?v = t is given by v(t) =
C} cos(at) + Cysin(at) + t/a?. The initial conditions readily yield

1
Cl = O, Coy = _CL3
Hence,
1 1 .
v(t) = o2 [t o sm(at)} ,

and consequently the sought solution of the mixed problem is

sin x

u(a,t) =", {t—isin(at)].

Example 3 [6, Ch. VI, no 20.14(5)]. Solve the following mixed problem:

Ut = Ugy + U, 0<.T<2, t>07
u|z=0 = 2t, u|z:2 =0, t>0,
ult=0 = 0, utlt=0 =0, 0<z <2

Solution. We will seek the function u(z,t) in the form of a sum u(z,t) = v(x,t) +
w(z,t), where w(z,t) = t(2 — x) is a function satisfying the given boundary con-
ditions. Then the function v(x,t) satisfies the null boundary conditions v(0,t) =
v(2,t) = 0, the equation vy, = vy +v+t(2—2) and the initial conditions v(x, 0) = 0,
ve(2,0) =2 — 2.

Thus, our task is now to find the solution v(z,t) of the problem

Vgt = Uy +0 + (2 — ), 0<x<2, t>0,
v(0,t) =v(2,t) =0, t>0,
v(x,0) =0, v(z,0)=2—2, 0<z<2.
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As a first step let us solve the following problem: find a solution of the equa-
tion v = vz + v, not identically equal to zero, which satisfies the homoge-
neous boundary conditions v(0,¢) = v(2,t) = 0 and is representable in the form
v(z,t) = X(x)T(t). We get the equation

T"X = X"T + XT,
or, upon dividing both sides by XT,
T// X//
1=
T X
The left- [resp., right-] hand side of this equation depends only on ¢ [resp., z]. Since
t and x are independent variables,

T// X/l
—1= = -\
T X
where A is the separation constant. This yields two ordinary differential equations:

X" 42X =0, (2.14)

and
"+ (A=1)T =0. (2.15)

From the boundary conditions v(0,t) = v(2,t) = 0 and the expression of

v(t, z) it follows that X (0)T'(¢t) = 0 and X (2)T'(t) = 0, whence X (0) = X (2) = 0.
Thus, we arrived at the Sturm-Liouville problem

X" +AX =0, 0<z<2,
X(0)=X(2)=0.

n7r2

The eigenvalues and corresponding eigenfunctions of this problem are A, = ( 5 )

and X, (z) =sin (" z), n=1,2,... . Next, from equation (2.15) it follows that

T, (t) = A, cos(unt) + By, sin(unt),

where A,, and B,, are arbitrary constants and p,, = \/(”2“)2 —-1,n=12,...
Clearly, the functions

vn (2, 1) = [Ay, cos(unt) + By sin(py,t)] sin (n27r x)

are particular solutions of the equation v;; = v., + v that satisfy null boundary
conditions.
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Now let us solve the following two problems
Vit = Vgy + U, O<x<?2, t>0,
(I) v(z,0) =0, ve(2,0) = x — 2, 0<z <2, (2.16)
v(0,t) =0, v(2,t) =0, t>0,

and
Vet = Ve + 0 + (2 — 2), 0<zr<?2, t>0,

(II) U(.’[}, 0) =0, Ut(z70) =0, 0<2 <2, (217)
v(0,t) =0, v(2,t) =0, t>0.
The solution of problem (2.16) is given by the series

(e o]

P(z,t) = Y [Ay cos(junt) + By sin(pyt)] sin (”27r :[:) ,

n=1

whose coefficients A,, and B,, are given by the formulas

2
nm
An:/ v(z,0) sin ) dr =0,
vl (2 )

I I 4
B, = / Ut(ac,O)sin(mr x) dx = / (x—2)sin(mT x) de = — .
Hn Jo 2 Mn Jo 2 NT [y,

Therefore,

P(z,1) i ( n) sin(pnt) sin ("27r x) .

=1

The solution of problem (2.17) will be sought in the form
= nw
D= 3wty
Qat) = S ansin (7 7)

(here we use the method of expansion in eigenfunctions). Substituting this expres-
sion in the equation of problem (2.17) and observing that

>4t nmw
t 2- - i ( )
( x) E o sin 5 ),
n=1
we obtain

Zq (t) bln( ) i (mr) qn(t)sm< ; :1;)+

n=1

> nmw > 4t nmw
sin (' 7) (' o)
—|—nz::1qn()sm 5 T +nz::1stm 9 T
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S s (7 ) [ (7)) 2] -

This yields the following Cauchy problem for the determination of the func-
tions gn(t) (n=1,2,...):

or

At
qx+uiqn:m, 0<1t< oo,
an(0) = ¢,,(0) = 0.

But we have already encountered a similar problem, so we will write its solution
without further comments:

4t

5 t .
sinfuat) +

H=—
(1) nmwpd

Therefore, the solution of problem (2.17) is given by the series

= 4 4t nmw
Qt,z) = [— . sin(unt) + } sin( x) .
nz::l nmud nmwu 2
By the superposition principle, we can write v(z,t) = P(z,t) + Q(z,t), or

4t nmw nm
v(z,t) = [ — , sin(p t)] sin ( x) .
nz::l nwpg o, " 2

n

We conclude that the solution of our original problem, u(x,t) = v(z,t) +
t(2 — ), is

Nt 4t nm . . (/nm
u(z,t) = Z {mr,lﬂ T s1n(unt)} sm( 9 :Jc) +t(2 —x).
n=1 n n

Let us show that any mixed problem for the wave equation has a unique
solution. To this end we will establish the following assertion.
Proposition. Suppose the function u(z,t) is twice continuously differentiable in the
domain Q2: 0 < x <, 0 <t <T and solves the mized problem
uttzaQuM, O<z<l, 0<t<T,
w(0,t) =0, w(l,t) =0, 0<t<T,
u(z,0) = u(z,0) =0, 0<z<l,

where T is an arbitrarily fized positive number. Then u(x,t) =0 in Q.
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Proof. Let us multiply the equation uy; = a?uze by us and integrate the result
over the domain 2. We obtain

t pl t gl
/ / upuy dr dt = a® / / Uy Uy dx dt.
0o Jo o Jo

Observing that ugus = %gt (u2), we have

//uttutda:dt /da:/ 2(%

! 1
1
= 1/ [uf (z,t) — ui(2,0)] do = /u?dw
2 Jo 2.Jo

Next, integration by parts gives

! !
/ Upg Uy dT = (Ug (x, t)us(, t))|é — / UpUtgdr =
0 0

= uy (I, t)us(l,t) — ug (0, t)us (0, 1) / 8t dx =- / 8t(u

because us(0,t) = us(l,t) = 0 (this is obtained by differentiating the equalities
u(0,t) = u(l,t) = 0 with respect to t). We deduce that

1 l2 a2 l ta
dr = — d 2)dt
2/Outaz: 2/Ox/08t(u)
1 12 a? [
d 2 de =
2/0ut x+2/0ux1: 0,

because u,(z,0) = 0 (which is shown by differentiating the equality u(z,0) = 0

with respect to x).
l 2
1 a
E(t):/0 [2u?+ 9 ui} dx

The quantity
is called the energy integral. We have shown that F(t) = 0. Further, from this rela-
tion it follows that us(z,t) = uz(z,t) = 0 in the domain Q. Therefore, du(z,t) =0
in Q, and then the Taylor formula implies that u(z,t) =const in Q. But u(z,t) is
continuous in 2 and u(x,0) = 0. We conclude that u(x,t) = 0 in the domain €.

or
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2.8. The Fourier method. Oscillations of a rectangular membrane

Here membrane is understood as a pellicle, i.e., a very thin solid body, uniformly
stretched in all directions and which does not resist bending. As it turns out, to
describe the oscillations of a membrane one does not need special functions; rather,
one can manage with sines and cosines.

Example 1 [4, Ch. VI, no. 20.18]. Solve the following mixed problem:

Ugp = Ugy + Uyy, 0 <z,y <, (2.18)
Ulp=0 = Ulg=r = Ul|y=0 = Uly=r =0, >0, (2.19)

uli—o = 3sin x sin(2y), < (2.20)
=T, y . ’

Ut)t=0 = D sin(3z) sin(4y),

Solution. First let us consider an auxiliary problem: find a function u(x, y,t) satis-
fying equation (2.18) and the boundary conditions (2.19). We will seek this function
in the form u(z,y,t) = v(z,y)T(t). Substituting this expression in equation (2.18)
we obtain

VT = Tvg, + Tyy,

which upon dividing both sides by vT yields

Tl/ _ Vex + Uyy (2 21)
T v ' '

We see that the left-hand side of equation (2.21) depends only on ¢, whereas
the right-hand side depends only on z and y. Since these variables are independent
of one another, equality can hold in (2.21) only if

!
T Uza + Vyy

T = " =), (2.22)
where A is a constant. This yields two equations:
the partial differential equation
Vg + Vyy + Av = 0; (2.23)
the ordinary differential equation
T" + 2T = 0. (2.24)

Now let us remark that from the boundary conditions (2.19) it follows that

v(0,y) =0, wo(my) =0, wv(x,0)=0, v(z,7)=0.
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Thus, for the function v(z,y) we have the following boundary value problem:
Vgo +Vyy + A0 =0, 0<uz,y<m, (2.25)
{ v(0,y) = v(m,y) =v(x,0) =v(z,7) =0, 0<uz,y<m. (2.26)

Our task is now to find the values of A for which problem (2.25), (2.26) has
a nonzero (nontrivial) solution and find that solution.
To this end we use again the method of separation of variables, setting

v(z,y) = X(2)Y (y). (2.27)
Substituting this expression in equation (2.25) we get
X"Y + XY" + AXY =0,
whence, upon dividing by XY,

X// Y//
Y=y M (2.28)

The left- [resp., right-] hand side of this equation depends only on x [resp.,
y]. Consequently, equality can hold only when

X// YII
= v — A= —pu, (2.29)

where p is a new separation constant. This yields two ordinary differential equa-
tions:

X"+ pX =0, (2.30)
and
Y'+(A—pY =0. (2.31)
From the boundary conditions (2.26) it follows that
X(0)=X(m)=0, Y(0)=Y(m)=0. (2.32)
We thus arrive at two Sturm-Liouville problems:
X"+uX =0 0<z<m,
(2.33)
X(0) = X(m) =0;
and ,
Y'"+1rY =0, O<y<mv=A—ypu,
Y : (2.34)
Y(0)=Y(r) =0;



132 CHAPTER 2. HYPERBOLIC PROBLEMS

We have already solved such problems, so we know that their solutions have
the form
X, (x) =sin(nx), p,=n% n=12...,

Y, (y) =sin(my), v=m? m=12...
Then to the eigenvalues
A = fin + Um = n? +m?
will correspond the eigenfunctions
Unm (2, y) = sin(nz) sin(my), n,m=1,2,...

Now let us return to equation (2.24) and substitute there \,,, = n% +m? for
A. We obtain the equation

T+ AnmTm = 0.

The general solution of this equation is

Ty (t) = apm cos (\/n2 + m2 t) + by Sin (\/n2 + m2 t),

where a,,, and b,,, are arbitrary constants.
Therefore, the solution “atoms” of problem (2.18), (2.19) are the products

Unm (1‘, y)Tnm (t)

The solution of problem (2.18)—(2.20) is given by the series

oo
u(z,y,t) = Z [@nm cos (\/n2 + m? t) 4 bpm sin (\/n2 +m?t)] sin(na) sin(my),
n,m=1
(2.35)
where the coefficients a,,, and b, are subject to determination.
One can verify that the system of functions {sin(nz)sin(my)}:°,,—; is or-
thogonal and complete in the rectangle 0 < x,y < 7 (orthogonality is obvious
because

/ / sin(nyx) sin(myy) sin(nazx) sin(may) dz dy =

o Jo

/ sin(nyx) sin(nax) dx/ sin(mqy) sin(may) dy =0
0 0

whenever n; # ng or my # ma; the proof of the completeness is more difficult and
is omitted).
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Now if we put t = 0 in the general solution, we obtain

u(z,y,0) = Z Apm sin(nx) sin(my).

n,m=1

Using the formula for the coefficients of a double Fourier series, we have

4 ™ ™
nm = / / u(z,y,0)sin(nz) sin(my) dz dy.
o Jo

In our case u(z,y,0) = 3sinx sin(2y). Hence,

4 e s

a1 = 2/ / esin? zsin’(2y) dx dy = 3, Apm = 0if n # 1,m # 2.
™ Jo Jo

Further, differentiating the solution (2.35) with respect to ¢, we obtain

ug(,y,t) = [~3v/5] sin(v/5t) sin 2 sin(2y) +

+ Z brm /12 +m? cos(y/n? + m2t) sin(nz) sin(my).

n,m=1

Putting here t = 0, we have

u(z,y,0) = Z V/n2 + m2by, sin(na) sin(my),

n,m=1
or

5sin(3z) sin(4y) = Z V/n2 + m2by,, sin(nz) sin(my).

n,m=1

It follows that
57r2/ / 5sin?(3z) sin?(4y) dr dy = 1, brm=o ifn #3,m #4.
Thus, the solution of the problem (2.18)-(2.20) is the function
w(z,y,t) = 3cos(V/5t) sin x sin(2y) + sin(5t)sin(3z)sin(4y).
Remark. The solution of the mixed problem

utt:az(um—i-uyy)—i-f(x,y,t), 0<z,y<b, t>0,
u(r,y,0) = w(z,y,0) =0, 0<z,y<hbh,
U(O’ y’ t) = u(b7 y7 t) = 07 u(x7 07 t) = u(x7 b7 t) = 07 t Z 07
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can be obtained by the method of expansion in the eigenfunctions of the corre-
sponding homogeneous problem. Specifically, one seeks the solution in the form

u(z,y,t) = i U (t) sin (nb7r x) sin (nb7r y) ,

n,m=1

where the functions w,, (t) are found in much the same manner as in the case
of the solution of the analogous problem for the nonhomogeneous equation of the
oscillations of a string.

Example 2. Solve the following mixed problem (with Neumann boundary condi-
tions)

Ut = Ugy + Uyy +cOstcoszcosy, O0<z,y<m, ¢>0, (2.36)
0
Yoo, (2.37)
on|p
u(z,y,0) = w(z,y,0) =0, 0<a,y<m, (2.38)

where T' is the boundary of the square {(z,y): 0 < z,y < 7}.

Solution. As we just indicated, we will seek the solution in the form u(z,y,t)
= v(t) cosz cosy (because the eigenfunctions of the corresponding homogeneous
problem

Ugp = Ugg + Uyy, 0<z,y<b, >0,

Ju

=0, t>0
on ’ =7

T

are the products cos(nz) cos(my)).
Substituting this expression of the function u(x,y,t) in equation (2.36) we
obtain the Cauchy problem

v (t) + 2v(t) = cost, t>0, (2.39)
{ v(0) = v'(0) = 0. (2.40)

The general solution of problem (2.39), (2.40) has the form
v(t) = Cy cos(V/2t) + Cy sin(v/2t) + cost,

where Cy and Cy are arbitrary constants. Imposing the initial conditions (2.40),
we get C; = —1, Cy = 0. Consequently,

v(t) = cost — cos(V/2t).
Therefore, the solution of the original problem (2.36)—(2.38) is

u(z,y,t) = cosx cos ylcost — cos(v/2t)].
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Example 3 [18, § 3, no. 106]. A rectangular membrane clamped along its edges at
the initial time ¢ = 0, is subject to an impact in a neighborhood of its center, so

that
lim // vo(z,y) dedy =0,
e—0 Q.

where vo(x,y) is the initial velocity, A = const, and Q. is a neighborhood of the
central point. Determine the resulting free oscillations of the membrane.

Solution. The problem is formulated mathematically as follows:
Uty = % (U + Uyy), 0<z<b, O0<y<by, t>0,
U|p=0 = Ulg=p, = Uly=0 = Ul|y=p, =0, t>0,
Uo(xay) if (x,y) € Qs(b1/27b2/2)7
0, if (z,y) ¢ Q=(b1/2,b2/2),

where Q.(b1/2,b2/2) is the open disc of radius e centered at the point (by/2,b2/2).
Applying the method of separation of variables, we obtain

Ult=0 =0, Ut|t=0 = {

- . . [(nmw . (mm
u(z,y,t) = Z [Anm cos(Apmat) + B sin(Aymat)] sin < b x) sin < by y> .

n,m=1
Here Ay = 74/ (n/b1)2 + (m/bo)2.

It remains to find the coefficients A,,,, and B,,,,. Setting ¢ = 0 in the above
expression we get

u(z,y,0) = Z Appn sin (TZ x) sin <TZ: y> )

n,m=1
Since we assume that u(z,y,0) = 0, it follows that A, =0, n,m=1,2,..., i.e,
> nm mm
u(z,y,t) = n;ﬂ B sin(Apmat) sin < b x) sin < by y> .

Differentiating this equality with respect to t, we have
= nmw mm
us(z,y,t) = Z BrmAnma cos(Apmat) sin x | sin yl,
n,m=1 bl b2

whence

ue(z,y,0) = Z BrmAnma sin <ZT x) sin (ﬂ;: y> .

n,m=1
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Therefore,

4 bi o rbo nm mm
Bnm = 5 i i dx dy =
b1bza)\nm/o /0 vo(z, y) sin < b, x) sm< by y) x dy

. [ mm
b1b2a/\nm // vo(z,y) sm( )sm( by y> dx dy =
b1b2a)\nm sin ( by )sm( by ) // dx dy

where (z,y) € Q. (by the mean value theorem).
Passing to the limit ¢ — 0 in this equality, we obtain

4A nmw mm
BnnL: i i ) ’ :1725"'
bobyahr, sin < b ) sin ( by ) n,m

Therefore, the solution of our problem is the function

e 5 ()]
= X
S by 2 -

X sin(Apmat) sin " ) sin mwy .
by by

Remark. The problem considered in Example 3 can also be solved using the notion
of §-function.

2.9. The Fourier method. Oscillations of a circular membrane
To describe the oscillations of a circular membrane one needs to resort to special

functions, namely, Bessel functions.

Example 1 [18, §3, no. 104]. A homogeneous circular membrane of radius R,
clamped along its contour, is in a state of equilibrium under a tension 7. At
time ¢ = 0 the uniformly distributed load f = P, sin(wt) is applied to the surface
of the membrane. Find the radial oscillations of the membrane.

Solution. The problem is mathematically formulated as follows:

1 10 ou
a2 pap (p dp
|u(0,8)| < oo, u(R,t)=0, t >0,

u(p,0) =0, u(p,0)=0, 0<p<R.

P,
>+1?sin(wt), O0<p<R, t>0,
(2.41)
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By the superposition principle, the solution of this problem can be repre-
sented as a sum u(p,t) = w(p,t) + v(p,t), where w(p,t) is the solution of the
boundary value problem

1 10 ([ ow\ P |
= t 0 R, t>0
2= 5o, (p 6[)) + o sin(wi), <p<R, t>0, (2.42)

|w(0,t)] < oo, u(R,t)=0, t>0,
and v(p, t) is the solution of the problem

1 o 10 v
a2~ pop\" op
[v(0,t)] < 00, w(R,t) =0, t >0,

'U(p7 O) = _w(pa 0)7 Ut(pa 0) = _wt(pa 0)7 0 < 14 < R.

), O0<p<R, t>0,
(2.43)

Obviously, we must first find w(p,t). To this end we will seek w(p, ) in the
form w(p,t) = A(p)sin(wt), where the function A(p) needs to be determined.
Substituting this expression into the equation of problem (2.42), we obtain

1 1 A P,
a2 w?Asin(wt) = ) jp <p Cép) sin(wt) + j? sin(wt).

Hence, after division by sin(wt), we arrive at the following boundary value problem
for an ordinary differential equation:
20?2 P

pQA”—i—pA’—O—pQ A=-""p 0<p<R,
a

|A(0)] < 00, A(R) =0.

(2.44)

The solution of problem (2.44) is A(p) = A1(p) + A2(p), where A;(p) is the
solution of the problem

2 .2

2 AN / prw _
p AT + pAl + 02 A1 =0, 0<p<R, (2.45)
|41 (0)] < o0,  A1(R) =0,
and As(p) is a particular solution of the differential equation
2 .2 P,
PAY 4 pAL+ P A= 02 0<p<R (2.46)

a? T

It is readily seen that equation (2.45) reduces via the substitution z = wp/a to
the Bessel equation of order zero, and in view of the boundary condition |A4;(0)| <
00, the solution of problem (2.45) is of the form Ay (p) = CJy(wp/a), where Jy(x)
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is the Bessel function of the first kind and of order zero. Further, a solution of
equation (2.46) is provided by the constant function

PO CL2

A2p) = — o

Therefore,

PQ a2

T w’
Imposing the boundary condition A(R) = 0 we have

Alp) = Cao(“T)

wR Py a?
0=C_CJ, — ,
0( a ) T w
whence
- PO a2 1

T ()

We conclude that

PO a2 Jo(u;p)
A(p) = T (U2 JO(WR) _1 ’
and so
Py a2 | Jo(“* )
w(p,t) = j? W2 Jj((WaR)) - 1] sin(wt).

Now let us find the function v(p, t), solving problem (2.43). We note that the
initial conditions are

PO (12

’U(p, 0) =0, Ut(pv 0) = - T W2

I
()]
Writing v(p,t) = B(p)T(t), substituting this expression in the equation of

problem (2.43) and separating the variables we obtain

" 11d
= — B/ = — A.
a?T Bp dp(p ) A

This yields two ordinary differential equations:
p>B" + pB' + \p>B = 0, (2.47)

and
T" + Xa*T = 0. (2.48)
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The change of variables = v/Ap reduces equation (2.47) to the Bessel equa-
tion of order zero. Therefore, the solution of equation (2.47) with the boundary
conditions |B(0)] < co, B(R) =0 is

B(p) = CJo(lg p) C = const,
for values \,, = (‘%‘)2, n=12,...
Next, from equation (2.48) we obtain the sequence of solutions

fn

. Hn
T, (t) = Ci cos (a R t) + Cysin (a R t),

where C7 and C5 are arbitrary constants.
The solution of problem (2.43) is given by a series

NE

v(p,t) = {bn cos (a /g t) + ¢y sin (a Hn t)} ‘]0(/;; D).

R

n=1

Let us choose the constants b,, and ¢, so that the boundary conditions

P()CL2

Jo(ar) |
wT

Jo (¢ R)

a

U(p, O) =0, Ut(pv O) ==

will be satisfied. Clearly, b,, = 0, since

o0
S bado (“" p) —0.
R

n=1
Further, differentiating the function v(p,t) with respect to ¢ we have

— fin

v (p,t) = ;cna }; cos (a R t)Jo ( R p) .

Setting here ¢t = 0 we obtain

Jo (2 p)
Jo (¢ R)

PQG,
wT

ch cos lgt)Jo </§L p).

n=1

To calculate the coefficients c¢,,, let us multiply both sides of this equality by
pJo (" p) and integrate the results on the interval [0, R], assuming that term-by-
term integration is allowed. Using the relations

! _ . 0, 1y j,
[y o {B,,
0 ! ! 2 [JO(MZ)] ) ifi= 7>

/ "ot dt = 2y (),
0
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and l
!
/ wJ (“” x) Jo(kz) dz = “”JO(“”)JO(fl) . k2
0 l k? _ (M'n) l
l
we find that
-POa2 aQRQNnJ6<Mn) R? 7 Hn R? / 2
e o) | = ey % L
This yields
_ 2PyawR? 1
T TEE T(e)(WPR2 —ap2)
Therefore,
. Hn Hn
o ﬂ__ﬁﬂmdﬁiism<“Rt>%<Rp)
POTT 2T (1) (WP R = a%p22)

n=1
Putting all together, we find the solution of the original problem in the form
Jo(“P
O(W“R) — 1| sin(wt)—
o (%)

. /—’LTL ,un
72P0awR3 > sin (a R t) JO(R p)
T g Jo(pn) (W2 R — a?pf)

P() a2

ulpt) = T w?

Remark 1. The solution of the last problem was obtained under the assumption
that the frequency w of the forcing is not equal to any of the eigenfrequencies
wn, = ap, /R of the membrane (here u, are the positive roots of the equation
Jo (T) = 0)

Remark 2. The solution of the mixed problem for the wave equation in a disc,
formulated mathematically as

w = a’Au, O0<p<R, t>0,

2
wp0=a(1-1) w0 o<psr  (24)
|u(0,8)| < 00, u(R,t) =0, 0<t< oo,

(where A is a constant) can be found in exactly the same way as in the preceding
problem. Namely, the solution of problem (2.49) is represented as a series

[ee]

u(p,t) Z [A cos( Hn ) + B,, sin (a /an t)} Jo (lg p) .

n=1
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From the initial conditions it follows that

n =0, n=12,...,

2A R 1
A, = 2 p? " o) dp.

It is known that

/w tJ()(t) dt = .’L‘J1 (.CL‘)

and

/ J0(8) dt = 202 Jo (&) + 2 — 4)J; ()
0
(both identities are verified by straightforward differentiation and use of the re-
cursion formulas for the Bessel function of the first kind).

Using these identities we finally obtain

u(p,t) —SAiJO( )cos(aun t),

J1 /Jn) R
where 1, are the positive roots of the equation Jy(x) = 0.

2.10. The Fourier method. Oscillations of a beam

We have already encountered equations of hyperbolic type of 4th order in the space
derivatives when we studied the application of the Fourier and Hankel transfor-
mations. As an example of 4th order equation in the one-dimensional case we
will consider here the transverse oscillations of a thin beam. The main difference
between this situation and the oscillations of a string is that the beam resists
bending. Using the laws of mechanics one can show that the oscillations of a beam
clamped at one end are described by the equation

o*u

untat g =0 (2.50)
where u(z,t) denotes the displacement of the beam (Figure 2.12).

Obviously, the boundary conditions at the clamped end (x = 0) are that
the rod is stationary and the tangent to it is horizontal (9" (0,t) = 0, whereas at
the free end (z = [) both the bending moment M = E8 % J (where E is the
elasticity modulus of the material of the beam and J is thc moment of inertia of
the cross section of the beam relative to the horizontal axis) and the tangential
force FF = —EJ § 0%y 5 must vanish (see Figure 2.12). Notice that in equation (2.50)
a? = EJ/ps, whcre p is the density of the material of the beam and s is the area
of its cross section).
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/
Clamped ; Be~am : Uaa(l,1) =0
end s —_:\\ wuz”(l,t)ZO
S S |
u(0,¢) =0 ‘Free end
’U,I(O,t = |
|
i
0 1 7

Fi1GURE 2.12. Oscillations of a beam
To fully determine the motion of a beam clamped at one end we must specify

the following initial conditions: the initial displacement (deviation) and the initial
velocity in each cross section of the beam, i.e., specify

uli=0 = f(x), utli=o0 = g(x), 0<z<L

Thus, we are led to considering the following mixed problem:

Upt + P Uppee =0,  0<ax <l t>0, (2.51)
u(0,t) =0, wu.(0,t) =0,
0.9 0.9 (2.52)
uzw(l:t) =0, uwmas(lvt) =0, t>0,
u(z,0) = f(x), w(z,0)=g(z), 0<z<lL (2.53)

We shall solve this problem by the method of separation of variables under
the assumption that we are looking for time-periodic oscillations of the beam.
Setting u(x,t) = X (z)T'(t) and substituting this expression in equation (2.51) we
obtain

XT" +a*?X™7T =0,

whence
T" X(iv)
T~ X
Clearly, in order to guarantee the existence of time-periodic solutions we must take
A>0.

Thus, we obtain the following eigenoscillation problem for the function X (z):

X X =0, (2.54)
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with the boundary conditions
X(0)=0, X'(0)=0, X"(I)=0, X"()=0. (2.55)
The general solution of equation (2.54) has the form
X () = Acosh(VAz) + Bsinh(VAz) 4+ Ccos(VAz) + Dsin(VAzx).

From the conditions X (0) = 0, X’(0) = 0 we find that A+ C =0and B+ D =0,
and so

X () = Alcosh(VAz) — cos(VAz)] + Blsinh(VAz) — sin(VAz)).
The boundary conditions (2.55) at the right end of the beam yield
Alcosh(VA1) 4 cos(VA1)] + B[sinh(VA1) + sin(VA1)] = 0,

{ Alsinh(VA1) — sin(vA1)] + Blcosh(VA1) + cos(VA1)] = 0.

The homogeneous system (2.56) for the unknowns A and B has a nontrivial
solution if and only if its determinant is equal to zero:

cosh(V/Al) + cos(V/Al)  sinh(v/Al) +sin(v/Al) | 0 (2.57)
sinh(v/A\z) —sin(v/Az) cosh(v/Ax) +cos(vVAz)| '

From (2.57) we obtain an algebraic equation for the computation of the eigen-
values of our problem:

sinh?(V/Al) — sin?(VAl) = cosh?(V/\z)+
+2 cosh(V/\z) cos(VAx) + cos?(VAz). (2.58)

Denoting 1 = VAl and using the identity sinh® 2 + 1 = cosh? z, we obtain from
(2.58) the equation

(2.56)

cosh pt - sinh p = —1. (2.59)
This equation can be solved graphically (Figure 2.13).

)
1

COS T

=

,11

FIGURE 2.13. Determination of the roots of the equation cosh y -
sinhp = —1
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One obtains the values
H1 = 1.857, Mo = 4.694, M3 = 7.854,
™
pn = (2n—1) for n > 3.
n
Further, the function T'(¢) satisfies the equation
T" + X\a®T = 0.
Its general solution has the form

To(t) = Ay cos(ay/Mnt) + By sin(ay/Ant) =

2
= A, cos (a'llg” t> + B,, sin (a’l;; t),

where A,, and B,, are arbitrary constants.
Therefore, the solution “atoms” of the problem (2.51), (2.52) are provided
by the functions

U (z, 1) = [A cos <a i t) + By, sin <a a t)} X, (z)
n ) - n l2 l2 n )

where ) _ . B
X, () = (sinh pp, + sin un) [cosh ( ) — cos ( ] ac)} B
sinh p1,, + sin g,
~ (cosh i, + cos i) [sinh (¥ x) —sin (¥ 2)]
sinh 1, + sin iy, '

According to the general theory of Sturm-Liouville problems, the eigenfunc-
tions {X,,(2)}52; form a complete orthogonal system of functions on the segment
[0,]. Then the solution of the problem (2.51)—(2.53) is given by the series

u(z, t) Z{A cos <a’“‘”t>+B sin (a/ﬁtﬂXn(z),

where the coefficients A,, and B,, are determined from the initial conditions via

the formulas
l
/ f(z / g(x) X (z) dx
B 0

X, <x>\|2 N

n — 2 )

Ha,
A AT

where || X, (2)|* = fo
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2.11. The perturbation method

In this section we will consider briefly the perturbation method, which lies at the
basis of the solution of many problems of mathematical physics (see, e.g., [11], [13],
[23]). This method enables one to reduce the solution of some complex problems
to a series of simple problems according to the scheme shown in Figure 2.14.

Suppose we want to solve the Cauchy problem for the equation with variable
coefficients

Ugy = 0 Uy + (2, )1, —o <z <oo, t>0, (2.60)
{ u(z,0) = f(x), w(z,0)=g(z), —00 < & < 0. (2.61)

Problem (2.60), (2.61) can be solved starting from the Cauchy problem for a
simpler equation.

Difficult |— g Perturbed | — 3| Seq}lence
of simpler
problem problem
problems

\ - Y

F1GURE 2.14. Block diagram of the perturbation method

To do this, we will consider the perturbed problem

Ugt = 0% Uy + (T, 1)U, —oo<x<oo, t>0, (2.62)
{ u(z,0) = f(z), w(z,0)=g(z), —00 < & < 00. (2.63)
and seek its solution as a series
u(z,t) = ug(z,t) + cuy (x,t) + ug(z,t) + ...,
where 0 < e <1 and the functions {uy(z,t)}?°, need to be determined.

Substituting the proposed form of the solution in equation (2.60) we obtain

2

12 [uo(, t) + cuy (z,t) + 2ug(2,t) +...] =

, 8
=a
Ox2

tec(z, t)[ug(w, t) + cuy (z,t) + 2ug(2, ) +...]. (2.64)

[uo(,t) + eu (z,t) + +e2u(x,t) +...]+

Performing a number of simple algebraic transformation and equating the coeffi-
cients of like powers of €, we obtain the following sequence of equations:
0 82%:) 2 82U0

e’ g2 = g2 (2.65)
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0%y 5 0%u

e at21 =a 31-21 e(@, tyuo(z, t), (2.66)
0%u , 0%u

SR A R P 27

Similarly, for the initial conditions of problem (2.62), (2.63) we obtain series
in powers of e:

f(z) = uo(x,0) + cuy (x,0) + 2ua(z,0) + ..., (2.68)
g(x) = aauto (2,0) +saail (,0) + ¢ aa“t?( L0) 4. (2.69)

These relations give the initial conditions for the problems (2.65), (2.66), and
so on. Namely,

uo(z,0) = f(z), =0,
un(x,0) =0, =0, n>1.

Therefore, we have the sequence of Cauchy problems

2 2
auozazauo, —o<x<oo, t>0,
ou '
uo(w,0) = fa), o (#,0)=g(x), —oco<w<oo.
2 2
8u1:a28u + c(z, t)uo(x, t), —co <z <oo, t>0,
u1(z,0) =0 8u1( ,0) =0, —00 < x < 00

The solution wug(z,t) of problem (2.70) is found by means of d’Alembert’s
formula, so that it is a known function. The solution of problem (2.71) is given by

the formula
z+a(t—T)
wi(a,t) = %/mémwo Yuo(¢,7) dG

Thus, we found the solutions of problems (2.70) and (2.71).
The function uy (z,t) is often referred to as the first-order perturbation of the

function ug(z,t). Adding ug(z,t) and u;(x,t) we obtain an approximate solution
of problem (2.60), (2.61).
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To find the next-order perturbation us(z,t) we must solve the Cauchy prob-
lem for equation (2.67):

0? d?
6;2 — a2 3522 + c(x, t)us (x, 1), —co<zx<oo, t>0,
0
’U/2(‘T7O):0, ;2(55 O) —o0 < x < oQ.
In a similar manner one can find the other functions u,, n = 3,4,.... The exact

solution of problem (2.60), (2.61) is given by the series u(z,t) = > " un(,t).
Now let us give an example of a nonlinear hyperbolic problem. Suppose we
are required to solve the Cauchy problem

Upt = AUy + ULy, —oo <z <oo, t>0, (2.72)
u(z,0) = f(z) +g(z),
u(x,0) = alg'(z) — f'(2)],

We will seek the solution of this problem starting from the following perturbed
problem [13, p. 66, no. 2.20] (and then take ¢ = 1)

00 < & < 00. (2.73)

Ut = A Uy + EUL, —o<zxr<oo, t>0, (2.74)
u,0) = f(x) + g(z),
u(z,0) = alg'(z) — f'(z)],

Setting u(z,t) = Y7 €™ un(x,t), let us substitute this series in equation (2.74).
We obtain

00 < < 00. (2.75)

IR YL +g<zsun><z %)

n=0 n=0

or, in expanded form,

02 02 02 o2
o a2 uo—i-s( bt 2 ul)—i—...:

ot? Ox2

o2~ " a2
) )
—e(uo—}—sul—i—..‘)(al;? +ea7“;1 +>

If we now equate the coefficients of like powers of € we obtain a sequence of Cauchy
problems:

aQUo 262’11,0
912 =a P —o<xr<oo, t>0,

50 : UO(.’L‘, O) = f($) + g($), (276)
dug — o0 <z < 00,

o (@.0) = alg'(z) — /@)



148 CHAPTER 2. HYPERBOLIC PROBLEMS

82U1 282U1 8
g2 =9 g2 + ug(x, 1) 5 O (x,t), —o<r<oo, t>0,
el ul(x,O)—f( )+g( )v
Auy B — o0 < x <00,
at (.Z‘,O) -
(2.77)

The solution of problem (2.76) is found by means of d’Alembert’s formula.
After simple manipulations we get

uo(z,t) = g(z + at) + f(z — at).
Now let us find u(z,t), solving the linear problem

0?uy 2 0%uy / /

L= a2® U (et at) + (o - atg ez + at) + £ b)),
—o<zr<oo, t>0,

(2.78)

u1(z,0) =0, —00 < & < 00,

8u1
ot (z,0) =0, —00 < & < 0.

The solution of problem (2.78) is written in the form

z+a(t—T)
wia) = o / dr / 9(C+ar) + F(C — an)[g'(¢C +ar) + £(C — ar)]dC =

a(t— 'r)

w+a(t—7) | wta(t-1) | g
d d _ 24
2a / /ac a(t—r) 2 8<[ (<+a7— <+ / T/gc a(t—r) 2 0C [f(C GTH ¢+

Fon [ el +am) (¢ - amic =

1 t
= 1 / [9%(z + at) — ¢*(x — at + 2a7)]dT +
0

1

+4a /Ot[f2(1“+at2a7')fQ(Iat)]dT+

+ 41a /Ot[2g(x +at)f(x + at — 2at) — 2g(x — at + 2a7) f(x — at)]dr.

Therefore, we found the function us(x,t).
An approximate solution of the nonlinear problem (2.720, (2.73) is provided
by u(z,t) = uo(x,t) + ui(z,t), and the exact solution is given by the series

)= un(x,t).
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2.12. Problems for independent study

1. Find the transversal oscillations of an infinite string if the initial displacement
and the initial velocity are equal to zero and xe“”z, respectively. Construct
the graph of the solution at different moments of time.

2. Solve the following problem for a semi-infinite string:

U = Ugpy, O<z<oo, t>0,
u(0,t) =0, t>0,
2
w(z,0) = —ze™,  u(z,0) =0, 0<z<o0.

3. Solve the Cauchy problem for the infinite string

{uttzueret, —co <z <oo, t>0,

u(z,0) =sinz, w(x,0) =cosz, —00 < < 00.
4. Solve the Cauchy problem for the infinite membrane
Ugp = Ugy + Uyy + Esiny, —o<z,y<oo, t>0,
{u(m,y,()) =2, ut(z,y,0) = siny, —00 < z,y < 00.
5. Solve the Cauchy problem in three-dimensional space

{Utt = 8(um + Uyy + uzz) + t2:r2, —oo < x,y,z < oo, t>0,

u(x,y,z,O):yz, Ut(.Z',y,Z,O) :Z27 —00 < T,y,z < 00.
6. Solve the problem for the semi-infinite string

utt:aQUM, 0<z<oo, t>0,
u(0,t) =0, t>0,
u(z,0) = f(z), w(z,0)=g(x), 0<z<oo.

7. Solve the Cauchy problem for the infinite membrane
utt:a2(umx+uyy)+f(xvyat)a —00 <,y < 00, t>07
u(z,y,0) =0, wu(z,y,0) =0, —00 < z,y < 00.

8. Solve the Cauchy problem in three-dimensional space

Ut :aQ(uxz+uyy+u22)+f(x7yvzvt)v —o0o < Ty, 2z <00, t>03
u(waya%O)ZOa ut(x7y7zao):0’ —00 < T,Y,z < 0.
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11.

12.

13.

14.

15.

16.

17.

18.
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. Find the radially symmetric transversal oscillations of an unbounded plate
by solving the Cauchy problem

gy + b2 A% = 0, 0<p<oo, t>0,
U|t:0 = 146_,02/(127 Ut'tzo = 07 0 S p < 00.

At the point * = 0 along the axis of a unbounded rod (z > 0) a force
f(t) = cost is applied starting at time ¢t = 0, at which the rod is at rest. Find
the longitudinal oscillations of the rod.

The ends x = 0 and z = [ of a string are rigidly clamped. The initial velocity
is given by u:(z,0) = Asin (2’;9”) for 0 < x < [. Find the displacement at
time ¢ > 0 if one knows that the initial displacement is u(z,0) = 0.

An insulated electrical wire 0 < x < [ is charged to a potential vy = const.
At the initial moment of time the extremity x = 0 is grounded, while the
extremity « = [ remains isolated. Find the voltage distribution in the wire
if the selfinductance and capacity per unit of length of the wire are known.
Resistance is neglected.

Find the longitudinal oscillations of a rod 0 < x < [ whose left extremity is
rigidly clamped, while at the right extremity a force F'(t) = At, A = const,
is applied starting at time t = 0.

Find the oscillations of a string 0 < x < [ with rigidly clamped ends, and
subject to the force F'(x,t) = xt, applied starting at time ¢ = 0.

Consider a wire of length [ traversed by a variable current, and assume that
there is no current leakage and ohmic resistance can be neglected. The initial
current through the wire is given by E = Fysin (gf), the left extremity of
the wire (z = 0) is insulated and the right extremity (z = [) is grounded.
Find the intensity of the current.

Solve the mixed problem on the free oscillations of a rectangular membrane
(0 <z <m 0<y<m), with the initial displacement u(x,y,0) = Azy(z —
7)(y — m) and the initial velocity u:(x,y,0) = 0.

Solve the following mixed problem on forced oscillations of a membrane:
Upt = Ugg + Uyy +sintsinxsiny, O<z,y<m, t>0,
Ulp=0 = Ulg=r = U|y=0 = U|y=r =0, t>0,

w(z,y,0) =0, u(x,y,0) =0, 0<z,y<m.

Solve the following mixed problem on the oscillations of a membrane:
Uy = € (U + Uyy), O<z<a, 0<y<b t>0,
u(O,y7t):sin(7;y), u(a,y,t) =0, 0<y<b, t=>0,

u(z,0,t) =0, wu(z,b,t)=0, 0<zx<a, t>0,

u(z,y,0) =0, wu(x,y,0) =0, 0<z<a 0<y<hb.
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A homogeneous circular membrane of radius b, clamped along it boundary,
is at rest under tension 7. A normal pressure of magnitude P per unit of
area is applied to the membrane at t = 0. Find the radial oscillations of the
membrane.

Solve the following mixed problem for the wave equation in an infinite cylinder
(—o0 < z < o0):

we=2u+Jdo("p). 0<p<a t>0,
U|t=0 = 07 ut|t=0 207 O S pg a,
Ul p=q = 0, t>0,

where p; is the first positive root of the Bessel function Jy(x).

Solve the Cauchy problem for the wave equation in a bounded cylinder:
uy = Au, O<p<a, 0<z<b t>0,

ou _ Ou

.o Oz

3
u|t_o=Jo<l;2P)COS<7brz>7 Utlt=0 = 0, 0<p<a, 0<z<D

=0 t>0,

z=b 8p

where po is the second positive root of the Bessel function J; (z).

Solve the following mixed problem on the forced oscillations of a membrane:
Ut = Ugy + Uyy + t cos(3x) cos(4y), O<z,y<m, t>0,
um'w:O = uz‘x:ﬂ' = uy‘y:O = uy|y:7r =0 t>0
ult=0 =0, ul=o =0, 0<z,y<m.

Solve the following mixed problem on the oscillations of a beam clamped at
its extremities:

Ugt + Uggza = 0, O<zx<l, 0<t<oo,

w(0,8) =0, u(l,t) =0, wuy(0,t) =0, wuy(0,1)=0, t>0

2
u(z,0) =0, ut(x,O)—sin<l7rx>, 0<z<l.
Determine up to terms of order €2 the solution of the Cauchy problem

{utt—um—l-u:su?’, —oco<x<oo, t>0,

u(z,0) = cosz, ui(x,0) =0, —00 < x < 00.
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28.

29.

30.
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Establish the uniqueness of the solution of the following mixed problem on
the oscillations of a membrane:
gt = a* (U + Uyy) + f(2,9,1), 0<z<a 0<y<b 0<t<T,
u|$:0:f1(y7t)7 u‘x:a:fZ(ytt)7 Oﬁyﬁb» 0§t§T7
u|y:0:g1(xat)a U|y:b:gg(.’li,t), OS.’L‘SG/, OStSTa
U|t:0:F(I7y), ui|t:0:G(xay)7 OS.TSG, 0§y§b7
under the assumption that the function u(z,y, z) is twice continuously dif-
ferentiable in the closed domain 0 <z <a,0<y<b 0<t<T.
Solve the following mixed problem on the oscillations of a circular membrane:
uy = 2Au, O<p<a, 0<p<2m, t>0,
u(a, p,t) =0,  0<p2<m, >0

=0 =0, ut|li—o = J3 (/f p) cos(3¢p), 0<p<a, 0<¢p< 2T,

where ps is the fifth positive root of the Bessel function Js(x) and
A 10 ou n 1 0%u
u= .
pop\Pap) " p? 0y

Solve the following mixed problem on the oscillations of a membrane (with
nonzero boundary condition):

uy = 2 Au, O<p<a, 0<e<2mt>0,
u(a,p,t) = Acosp, 0<@<m, >0,
u(p7@70) :Oa Ut(Pa‘P»O) :07 OSPS&, OS QOS 271—7

Find the oscillations of a circular membrane (0 < p < @), with null boundary
conditions, generated by the motion of its boundary according to the law

u(a, ¢, t) = Acos(wt), A = const.

Solve the following mixed problem on the oscillations of a membrane (with
nonzero boundary conditions):

uttZCQAu, O<p<a, 0<ep<2m, t>0,
u(a, @, t) = Asin(2¢p), 0<p<m t>0,
u(p,,0) =0, wu(p,,0)=0, 0<p<a, 0<¢p<2m

Find the oscillations of a circular membrane (0 < p < @), with null boundary
conditions, generated by the motion of its boundary according to the law

u(a, ¢, t) = Asin(wt), A = const.
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Solve the following mixed problem for the wave equation in a bounded cylin-
der:
2
uttCQAqutJo(lsp)sin(;rz), O<p<a, 0<z<h,t>0,
u‘z:O = O; u|z=h = 07 u‘p:a = 07 t > 07

uli—=0 =0, ug)s—0 =0,

where (11 is the first positive root of the equation Jy(z) = 0.

Find the oscillations of a gas in a spherical container, generated by oscillations
of its walls that start at ¢ = 0. It is assumed that the velocity of the particles
are directed along the radii of the container and have magnitude equal to
512 P,(cos ), where P, () is the Legendre polynomial of degree n.

Show that if the functions f(x), uo(x) and u;(x) are harmonic in the whole
Euclidean space R™ and ¢(t) is a continuously differentiable function for ¢ > 0,
then the solution of the Cauchy problem

uge = AU+ f(x)g(t), zeR™ t>0,
uli=o0 = uo(x), utli=0 = ui(x), r€R",

is given by the formula

u(z,t) = uo(x) + tur(x) + f(x)/o (t —7)g(7)dr.

Find the oscillations of an infinite circular cylinder of radius a, generated by
the motion of its lateral surface according to the law A sin(wt) cos(ng), where
A =const and n is an arbitrary fixed positive integer.

Prove that if ug(x,t) is the solution of the Cauchy problem

Uy = (IQA’U,, reR", t>0,
uli=0 =0,  wli—0 = f(x), x €R",

then the solution of the Cauchy problem
gy = a’Au, reR" >0,
{U|t=0 = f(z), utft=0=0, =z €R",
is given by the formula u(z,t) = duy(z,t)/0t.
Solve the nonlinear Cauchy problem
ug = a®Au + (Vu)? —u?, rzeR? t>0,
{u(m,O) =0, w(z,0)=f(z), r € R%.
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37.

38.

39.

40.
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Show that the function u(z,t) is the solution of the Cauchy problem

gy + A%u =0, zeR™ t>0,
uli=o0 = f(z), utlt=0 =0, reR"

if and only if the function
¢
v(z,t) = u(z,t) +i/ Au(x,7)dr
0

is the solution of the Cauchy problem for the homogeneous Schrodinger equa-

tion
vy = 1A, xeR" >0,
Vlt=0 = f(), xR

Let the function u(x,t) be the solution of the Cauchy problem for the homo-
geneous Schrodinger equation

up = i1Au, reR" t>0,
ult=o = f(x), r e R",

where f(z) is a real-valued function. Find the solution of the Cauchy problem

v + Av =0, zeR™ >0,
V=0 = f(2), vift=0 =0, z € R"

Let the function f(z,t) be biharmonic in the variable x for each fixed ¢ > 0
(i.e., A%2f = 0). Find the solution of the Cauchy problem

ug + A%u = f(x,t), reR", t>0,
ul=0 =0, ut|t=0 =0, r e R".
Find the solution of the Cauchy problem

{utt+A2u—0, zreR™ >0,

Ule—o = uo(x), utle=0 = u1(x), z € R",

where ug(r) and u1(x) are biharmonic functions (i.e., A%uy = 0, A%u; = 0).
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2.13. Answers

1
1. u= 5 ef($2+“2t2)sinh(2xat).

a
2. u= e*(z2+t2)[ac cosh(2xt) — ¢ sinh(2xt)].
3. u=t—1+e " +sin(x+1).

4. u=x? + > + tsiny.

8 1 2
5. u =1y + tz% + 8t> t3 tha? 5.
u =y +tz*+ +3 +12 x +45
flx+at +fx—at wtat
6. u= ( ) ( )+2 g(&) d¢.
a Jiz—at|

fle, B,7)
7. u(z,y, dadg,
(.92 ~ 2ma ///[r<a(t M} V(a2(t —7)2 — 12 b
r—\/(x—a (y—B)2.

1 faaﬁvwvt_r a
8. u(m,y,z,t):4ﬂa2 ///{Kat} ( . /)dadﬁd%

r=v(@—aP+ -2+ (-2

9 Ae—F?/(0+77) R%r . R%r
cu(rt) = _ {cos<1+7_2>+7'sm<1+7_2)},

where 7 = 4bt/a? and R = r/a.
B { 0, ift <z/a,
v kasin(t — k/a), ift>x/a,

where k is the Young modulus of the material of the rod.

A . 2ma . 2w
11. v = sin t ] sin .
27a l l

dug = 1 . [@2n+ )7z (2n + D)7t
12. u = .
u= g om 4 150 { o] } cos [ 2IVOL

10.

A (2n+ )7z (2n + 1)mwat
13. u—E xt—‘—Zansm{ 9 :|COS|: 91 ,

where

n=1

Ap = —

ra(2n+1) J, ES 21

and FE and S are the elasticity modulus and the area of the cross section of
the rod, respectively.

4 ! 1
Az Sin[(Zn—i— )7T2:| iz,
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
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> 202(—1)nt1 1
u= Zun(t)sin (nlﬂ :c) , where u,(t)= (=1) / Tsin [mlra (t— 7-)} dr.
n=1 0

pan2m?
C T . T .
u=—Fjp cos ( :Jc) sin t ], where L and C are the inductance
L 21 21V LC

and the capacitance per unit of length of the wire.

" 16A i sin[(2n + 1)z] sin[(2m + 1)y]

2 (2n +1)3(2m +1)3 cos(mal, mt), where

™
n,m=0

1

u = [sint — sin(tv/2)] sin z sin y.

u= nij:lAncos |:C7T\/(Z)2 + b12 t

sin (n;r x) sin (7; b)-i—

. (7 \ sinh[} (a — )]
+Sm(b ) sinh(”b“) 7
where
2 ¢ . /nm
Ap = asinh(”ba)/o smh[b(a;fa)} sm( u x) dx.
_ Pl 5 2OOJ0(Mbk/’) HiQ
u= 4(b p°) —2b ];Mijl(ﬂk)cos(b t) ;

where py, is the kth positive root of the Bessel function Jy(z).
2
(M NE T,
U_J0<ap)u% {1 cos(at)}.
2\ 2 372 L2 3
U = COS ( ) + t JO( p)cos z .
a b a b

1 1 .
u= [25 t— 195 s1n(5t)] cos(3x) cos(4y).

B 2 27 2t . 27
U74w2 sin ; sin ; z |.

u = cosx cos(2t) + 664 tsin(2t) cos x.



25.

26.

27.

28.

29.
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First multiply both sides of the equation of free oscillations of a membrane
by Ou/dt and then use the integration-by-parts formula

ou
A 8gc(w,y)v(ir,y) dz dy —/

v
u(x, x,y) dzx dy,
- (@,9) 5, (@ y) dzdy

uv cos(n, z)ds — /

Q

where € is a bounded domain in the plane and 7 is the unit outward normal
to the boundary 92 of .

u=° J3 (M5 p) cos(3¢p) sin (CNS t)‘
clis a a

U = COS E Amd1 ( ) cos <Mm t) + Ap cos ¢, where p,, denotes the
a a
m

mth p051tlve root of the Bessel function Jl( ) and the coefficients of the
series are given by

—A [P0 (M p) dp
% [ ()]

u:Aiz E%Z cos(wt) ZA Jo(a )cos (C'Zn t),where

Am =

24 fg po (¢ p) Jo (V7 p) dp

A= en ()

¢ is the constant in the equation uy = ¢?Aw and p, > 0 are the roots of the
equation Jy(z) = 0.

u = sin(2¢p) i Ay Ja (/Zn p) cos (Cl;m t) +A (2)2 sin(2¢), where
m=1

24 fy P> (" p) dp

An == T )2

and f,;, > 0 are the roots of the equation J(z) = 0.

u=A jz Egi; sin(wt) — T; A,y ('l;n p) sin (C'Zn t>, where

A @ n
An = cinady (z’a;d[Jl(un)P /0 po <uc)p) Jo <L; p) dp,

¢ is the constant from the equation u; = ¢?Aw and p,, > 0 are the roots of
the equation Jy(x).
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1 sin <C\/(‘;1)2 + 4,;;2 t)
31. u= t—
e+ 4] ()4

X Jy ('L;l p) sin <2;:z) .

p Pn(c?s 0) 2 2Pn(cos79) Z 1 o
n—1 n—3 (n) 2
=1 ()

2np} a2np}
(k)
(n) (#n )
X sin? (aﬂkn t) Ttz gy P

X

32. u=

2po VP 7

where the coefficients Ay are given by the formula

1 PO M(")
A = / PP g |8 p) dp,
3 1 _ n(ntD) J2? (M(")) 0 Po

2 (M;‘n))z n+1/2\"k

po is the radius of the container, ,ugc") are the positive roots of the equation

1
2Jn+1/2(I) = 0

erle/z (z) -
and a is the constant in the equation uy = a?Auwu.
33. Hint. Consider the two problems
{ up = a®Au,

ult=o0 = uo(x), utli=0 = u1(x)

and
{ uy = a*Au+ f(z)g(t),

Ulg=o = uo(x), Utlt=0 = 0.

Ta(Za)

where J,(x) is the Bessel function of first kind of index n, p,, is the mth
positive root of the equations J, (z) = 0 and ¢ is the constant in the equation
ugt = c2Au. The coefficients B,,, are given by the formula

A @ m
5 (ﬁa)2?}g(um>]2um [ o (o) ("0) do

34. u=A sm(wt)cos(mp)—cos(mp)mz::leJn( N p) sin (c N p),
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36.

37.

38.
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Hint. The assertion is established by differentiating with respect to the vari-
able t the equation
82qu 2
=a“Auy.
or? !

u=1In (1 + tf\y\:1 flx+ aty)dwy),
where © = (21,22, 23) and y = (y1, Y2, y3)-

Hint. Let u(t, z) be the solution of the Cauchy problem

{utt—l—AQu: 0,

uli—o = f(x), wlt—o = 0.

Then the function v(z,t) = wu(z,t) + zfot Au(x,7)dr is a solution of the
Cauchy problem

{vt = iAv, )

v]t=0 = f(2).

Indeed, we have
vy = ug + 1Au(z, t), Ve = Upt + 1Au(z, t)
and
t t
iAv = iAu — / A?u(zx,7)dr = iAu + / ug(z,7)dr =
0 0
= 1Au+ u(z, t) — w(x,0) = iAu + wy.

Therefore,
vy = up + 1Au and 1AV = uy + iAu,

which proves that v solves (x).
The converse assertion is proved in much the same way.

v = Reu.
Hint. If uw = uy +iug, then (u; +iug): = iA(u1+iusz), whence u;s = —Aus and
ug; = Auq. Further differentiation yields w1y = —Aug; and Augy = A2uyy.

Therefore, u; = Re u satisfies the equation
Uy + APy =0,

and the conditions u1|i—0 = f(x), uitlt=o = 0 (indeed, from wus|;—o = 0 it
follows that Aus|i—g = 0, i.e., uit|t=o = 0).



160 CHAPTER 2. HYPERBOLIC PROBLEMS

39. u= /0 (t—7)f(x,7)dr.

Hint. Notice that when the function f does not depend on ¢, then the solution
of the Cauchy problem

Ut + AQU = 0,
uli=o = 0, utli=0 = f(x)

is the function u(t,z) = tf(z). It follows that in order to solve our problem
we need to use Duhamel’s method.

40. u = ugp + tuy.



Chapter 3
Parabolic problems

There are many nonstationary phenomena that are described by parabolic, rather
than hyperbolic, equations. Second-order partial differential equations of parabolic
type are often encountered in the study of heat conduction and diffusion processes.
The simplest equation of parabolic type,

_ 2
Ut = G Ugy,

(where a? = const) is usually called the heat equation; here u(x,t) is the tempera-

ture in the point with abscissa x at time ¢.

This equations says that the temperature in the point z and at time ¢ will
increase (u¢ > 0) or decrease (u; < 0) according to whether the second derivative
Uz 18 positive or negative (Figures 3.1 and 3.2; the arrows indicate the direction
in which the temperature changes — heat flows from the warmer to the colder parts
of a rod of length /; the moment of time is fixed).

YA iy

A
Ugpye < 0
ut<0 :
Ugy > 0
o Ut>0

1
|
0 [ 0 [z

FIGURE 3.1. FIGURE 3.2

Let us mention that several problems of electrodynamics also reduce to equa-
tions of parabolic type.

3.1. The Fourier integral transform method

We have already seen how the Fourier transformation can be used to solve hyper-
bolic problems. In this section we consider the application of the Fourier transfor-
mation to solving parabolic problems.

Problems on the line and half-line.

Example 1 [4, Ch. III, no. 55]. Applying the Fourier integral transformation, solve
the following boundary value problem:

Uy = a*Ugy + f(2,1), —o<zr<oo, t>0,
u(z,0) =0, —00 < x < 00.
V.P. Pikulin and S.I. Pohozaev, Equations in Mathematical Physics: A practical course, 161

Modern Birkhduser Classics, DOI 10.1007/978-3-0348-0268-0 4,
© Springer Basel AG 2001
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Solution. Denote by (¢, t) the Fourier transform (with respect to the variable z)
of the function u(x,t), i.e.,

u(g,t) = \/:;77 /700 u(x)e " dx,

or, in a simpler form, u(&,t) = Flu(x,t)], where F' is the Fourier transformation
operator. It is well known that

Fluga(2,t)] = (i€)* Flu(w, t)],

ie.,

Flug,(z,t)] = _52"7(5715)-

Further,
F[ut(xﬁt)} = at(&vt)a F[U(CL’, O)} = ﬂ(g,O) =0.

Also, consider F[f(z,t)] = f(&,¢). Then the heat equation in Fourier trans-
forms reads

(€, 1) + E2au(E, t) = (&, 1).

This is a first-order ordinary differential equation in the variable ¢ (with & playing
the role of a parameter). Therefore, we have the following Cauchy problem:

U, t) + E2a%u(e,t) = f(E,1),  t>0,
u(€,0) = 0.

We will solve this Cauchy problem using Duhamel’s method. To this end let
us solve first the auxiliary problem

{vt(f,t) +&a’u(&t) =0, >0,
v(gat)lt:T = .]?(577_)

We have _ ) s
v(& ) = (& m)e T,

Then, as we know,

t . ’
(1) = / v(& t;7) dr = / (T Ea gy,
0 0
It follows that

wa)= o [ e ar [ et g e ae =
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t o} e}
= j% /0 dr / et gite ge / j%e—”& FOLT)dA =
1 T o0 o0 .
= 271_/ dT/ FOuT) d)\/ 6752(12@77-)6715()7@616:
0 —o0 —o0

a7 ran e ) T
72”/0 T[wf( ,T)dA e \/aQ(t—T)

(A—x)2

= L [T T i
‘2awr/o T/_oof( VI

163

In this calculation we have used the well-known expression for the Fourier trans-

form of the function e~%** (b > 0), namely

—ba? 1 > —bz? —idx 1 2
Fle™™] = /2 e e My = \/2be b,
T J—c0

We conclude that the solution of our problem is

_ (A-=2)?
e 4a?(t—r)

w(z, t) = 2@% /Oth/_Z soun

Example 2 [4, Ch. III, no. 57]. Applying the Fourier integral transformation, solve

the boundary value problem

U = a’ugy, 0<a,t<oo,
uz(0,¢) =0, 0<t< oo,
u(z,0) = f(x), 0 <z <oo.

Solution. Let us apply the Fourier cosine transformation

u(\,t) = \/727 /000 u(z,t) cos(Az) dx.

Recall that the inverse Fourier cosine transformation is given by the rule

u(x,t) = \/72r /000 u®(A, t) cos(Azx) dA.

From this equality it readily follows that

v (2,1) = ¢ i(fx) /0 T 00 1) sin(w) d,
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whence u,(0,t) = 0, i.e., the boundary condition in our problem is satisfied. Fur-
ther, observe that

T, 1) = <—A>2\/ | " (1) cos(Aa) do
and
7O = \/i /Ooo F(z) cos(\z) da.

In this way we obtain the following Cauchy problem for an ordinary differ-

ential equation:
{at(x, )+ a? (A1) =0,  t>0,

@\, 0) = fC ),

where )\ is regarded as a parameter.
The solution of this problem has the form

TN ) = feN)e @ NE

Applying the inverse Fourier cosine transformation we obtain

u(z,t) = \/2 /OO fc()\)e*“%% cos(Az) d\ =
™ Jo

= 72r /000 </0<>0 f© cos(/\é)d§> cos()\gc)e_GZ’\Qtd)\ =

_ 71T /OOC LS /Ooo =N fcos (@ + &) + cos Az — )] d =

_ 1 > =~ —a?X\%t o —a?)%¢ . _
= /0 f(§)d€ {/0 e cos)\(x+£)d)\+/0 e cos A(z — &) d\

T
1 & (a+6)2 (z-6)2
= e a2t + e a2t | dE.
Wm/O f@)[ } ¢
In this calculation we used the fact that

o0 2
/ e cos(By)dy = Ve i (8> 0).
0 2a

Example 3 [4, Ch. III, no. 113]. Find the temperature distribution along an infinite
rod composed of two homogeneous rods in contact at the point = 0, with char-
acteristics a1, k1 and ag, ko, respectively (here a1, as are the constants in the heat
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equation and kq, ko are the heat conductivity coeflicients). The initial temperature
is

7"17 if x < O,

TQ, if x > 0.

u(,0) = {

Solution. From the Poisson formula

1 d (2-6)?
wat) =, / u(é, 08 de,

which gives the temperature distribution along an infinite rod under the initial
condition u(x,0), it follows that the solution of the heat equation
ut:a2um, —xo<zxr<oo, t>0,
with initial condition
T, ifx >0,
Ts, ifz<0

ute.0) = {

is given by the function

T+T* T*-T
u(z,t) = * <I>( * ),

+
2 2 20/t

where the function ®(z) = \/277 IS e=¥" dy is the so-called error integral.

To solve the original problem we will argue as follows. First we extend the
left rod (with temperature 77) to the right to obtain an infinite homogeneous rod.
Next we find the temperature of the resulting infinite rod under the assumption
that its initial temperature is

Ty, ifz<O,
Ty, ifx >0,

(a0 = {

where T} is some constant.
We then proceed in a similar manner with the right semi-infinite rod, assum-
ing that
Ty, ifx>0
ug(z,0) = { 2*7 ‘ )
Ty, ifx <O.

The constants 77 and T% are found from the conjugation (matching) conditions:

(1) continuity of the temperature at the point z = 0:
31 (07 t) = U2 (07 t);
(2) continuity of the heat flux at the point z = 0:

6’&1 81@

kq o (0,t) = ko oz (0,1).
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From the formula given above it follows that

T +Ty Tf—-T, (x )

uy(x,t) =
(@) 2 2 2a1 v/t

T + TQ* Ty — T2* x
z,t) == P .
'U/Q('L'a ) 2 + 9 2&2\/t

Hence, the conjugation conditions yield the following system of equations with
unknowns 77 and 75':

Tr—T) =T, — T,

k1 ko

7 —T)) = T —T5).
al( 1 —Th) a2( > —15)
Solving this system, we obtain

az

2 (5 5)m

Tik = k k k)
a1 oas
Cehn(ko)n
15 = kL ko .
al + a
Therefore,
—x
ui(z,t) =To+ (Ty — T1)P , —o0o < 2 <0,
x
us(x,t) =Ty + (1o — T5)P , 0<z<oo,
where
21 T, + 1;2 T
To= " ks kz .
al + a2
Problems in three-dimensional space and half-space.
Example 4 [4, Ch.V, no. 66]. Solve the Cauchy problem
up = a® (Ugg + Uyy + Usz) + g(2,y, 2, 1), —00 < 1,y,z <00, t>0,
ufi=o = 0, —00 < 2,Y, 2 < 00.

Solution. We use the Fourier transformation with respect to the space variables:

_ I
w(A, p, v t) = (2m)3/2 ///u(m,y, z,t)eil()‘“”y*”z) drdydz,
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g p, v, t) = (2n )3/2 /// z, 1y, 2, t)e " ATTIYHVE) qo dy .

We obtain a Cauchy problem for the Fourier transforms:

{ﬁt+a2()\2+,u2+1/2)17:§()\,u,1/,t), t>0,

ili—o = 0.

Applying here Duhamel’s method we have
t 2 2 2
GO t) = [ GO te WAy
0

Now using the inverse Fourier transformation we obtain

u(z,y,x,t) 3/2 ///u(A ph, v, 1) e ATV g Xy dy =

oo : 00
B (21)3 /// / ///g(f’ 1, ¢, ) e T g d¢ | em AT g |
g 0

x e ATTIUTV) G\ dpy dy =

(271r)3 /Ot dT/7 9(&,m,¢,7) dé dndCx

><///e*(ﬂﬂfﬂwz)(t*ﬂei[k(w*£)+u(y7n)+l/(2*€)] d\dp dv.

But -
/ / / e =0 (i) (=) A=)+ l=) 4= g gy dyy =

73/2 @O = 402
= 402t .

ad(t —7)3/ 2 €
We conclude that

(z—6)2 +(z/ m2+(z=¢)?
u(z,y,z,t)= (2a\/ﬁ)3/0 . 7)3/2 /// 2=m) 9(&n,¢,7)d€dndc.
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Remark 1. Suppose that g(z,y, z,t) does not depend on ¢, i.e., we are dealing with
the Cauchy problem

{uta2(uxm+uyy+uzz)+g(‘r:y7'z): *OO<$;ZJ,Z<007 t>0a

ult=o = 0, —00 < T,Y, 2 < 00.

Then the solution is given by

o= [0 [ )

where
2 o
)= o [T r= Vet -0
VT Jo
Indeed, let us denote w = _ 7 . Then

2a+/t—T

. 1 (z—€) zu(m?)ﬂz 02 dednd
u(x,y,z, )_(2(1\/71_)3/0 t— 7_ 3/2 /// (&%C) 6 77 C_

1 [T da [® .
= e | [ 9670 (;W i dw) A dy d =

2aV't

= e /_Z e [jﬂ (éﬂ - /0 e e“’zdwﬂ dé dn d¢ =
e JIIHT [ () e

Remark 2. Suppose g(z,y, z,t) does not depend on z, i.e., we are dealing with the
Cauchy problem

up = a®(Ugy + uyy) + g(,y,1), —co < w3,y < oo, t>0,
U= = 0, 00 < x,y < 0.

Then clearly in this case the solution is given by

dr E)2+(1/ m?
e = b [ / €m0 " dgan,
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Example 5 [4, Ch. V, no. 67]. Find the temperature distribution in the upper
half-space if the initial temperature in the half-space is zero, the temperature in
the plane z = 0 is zero, and in the half-plane itself there is a distribution of heat
sources with density f(z,y, 2,t), i.e., solve the Cauchy problem

up = a®(Ugg + Uyy + Uuszz) + f(2,9,2,1), —co<r,y<oo, z>0, t>0,
u|,—0 = 0, —oco < m,y<oo, t>0,
ult=g = 0, —co <z, y<oo, z2>0.

Solution. In the present case we will take the Fourier transformation in the form
1 0o o 4
U - —i(Az+py)
w(A, p, v, t) 91/2,:3/2 ///o u(z,y, z,t)e sin(vz) dz dy dz.
Then
ozt = T 1 )T sin(v2) dAdp d
w2y 28) = 515 3 ; u(A, pu, v, t)e sin(vz wdy

(note that this guarantees that the condition u|,—o = 0 is satisfied). The ordinary
differential equation (with respect to t) for the Fourier transforms is

{ﬂt+a2()\2+u2+u2)ﬂ—f()\,u,1/,t)7 t>0,

u‘tzo =0.

The solution of this problem is given by
~ b 2()\2 2 2
u(\, p, v, t) :/ FO v, t)e™ A+ ) (E=7) g
0

Therefore,

1 [ OO~ i(Az :
u(zayaz7t) = 21/271.3/2 ///O u()‘a/j/vl/a t)e Oatuy SIH(VZ) d/\d/j,dV =

1 2 oo t 1 oy 00 )
— —i(A§+pm)
= i/arssa // /O /0 122 // /O FEn ¢ m)e sin(v¢) dg dn d( |

xe7“2(>‘2+"2+”2)(t77)d7’} e OeHY) sin(v2) d\ dp dv =
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- 271r3 /Oth/O]/OOOf(fanyg,T)dfdnd(jx

x// /Oo o=@ W) (t=7) pil(e =M (y=mul g =a*v* (t=7) iy (1,¢ ) sin(vz) A\ dp .
0

Let us compute the second triple integral:

//efazo\?ﬂf)(tfr)ei[(z—ﬁ)AHy*n)u] d\dp /OO A Gy sin(v¢) sin(vz) dv =
0

—00

m _ (1—5)22-%—(14—77)2
= e 4a“(t—7) X
a?(t —T)

1 [ee] (o]
X [/ e~V (=) cog v(¢ —z)dv —/ eV (=) cog v(¢+ 2) dy} =
0 0

(x—€)2+(y—m)? (¢—2)? (¢+2)?
& T 4a2(t-7) |: Ve VT _

= 2a2(t — 7)2°

e 4a2(t-7) — e 4a2(t—7)

2a\/t — T 2a\/t — T
w3/2 [ o)) 2 (¢ —2)2 _(Ew)2+(ny)2+(c+2)2:|
e

= 4a3(t B 7)3/2 4a2(t—7) —_e 4a2(t—7)

We conclude that the solution of the original problem is given by the formula

1 ¢ dr e
u(z,y, 2, t) = (2a\/7r)3/0 (t—T)3/2/0 d¢x

o0
(2= y-m2+(c—2)? _(@=6)2+(y-m2(¢+2)?
< [[ €.t e T I de d.
—0oQ

3.2. The Laplace integral transform method

We have already made acquaintance with the application of the Laplace transfor-
mation to hyperbolic equations. In this section we will use the Laplace transfor-
mation to solve several parabolic equations. Let us note that the block diagram
for solving problems by this method is identical to that in the hyperbolic case.

Example 1 [3, Ch. 5, no. 832]. Solve the boundary value problem

Up = Uge + U — f(T), 0<z,t<oo,
{ : f(z) 3.1)

u(0,t) =t, wuy(0,t) =0, 0<t<o0.
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Solution. We shall use the Laplace transformation with respect to the variable z.
Using its properties, we can write

u(x,t) = U(p,t),

ug(x,t) = U(p, t),
ux(z,t) = pU(p,t) — t,
Uga(2,) = p°U(pt) —pt,  f(z) = F(p).
Applying the Laplace transformation to both sides of equation (3.1), we get
L) = Lz + Lu] — LU (),
or
Ue(p,t) = p*U(p,t) = pt + U(p,t) — F(p).

Thus, we obtained a first-order ordinary differential equation (in which p plays the
role of a parameter) in the independent variable ¢. It can be recast as

Ue = (1 +p*)U = ~[F(p) +pt].
The general solution of this equation is given by the function

P F(p) P

Ulp.t) = Cet+p™)t
(p,1) € + (1+p2)2 " 1+p2 " 1+p2

Now observe that the constant C' must be set equal to zero; otherwise,
U(p,t) — oo as p — oo, which means that a necessary condition for the exis-
tence of the Laplace transformation is violated. Therefore,

p F(p) p

t) =
VD= pp T i Ty

Now it remains to return to the original (i.e., apply the inverse Laplace trans-
formation). We have

L cosT
14+p2 - ’
and, by the convolution theorem,
D o1 F(p) . /m .
= xsinz, = t)sin(x — t) dt.
(14p2)2 " 2 1+ p? 0 F(t)sin( )

We conclude that the solution of our problem is

1 xT
u(z,t) = tcosx + 2xsinm+/0 f (@) sin(z — t) dt.
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Example 2 [3, Ch. 5, no. 837(c)]. The initial temperature of a thin homogeneous
rod is equal to zero. Determine the temeperature u(z,t) in the rod for ¢ > 0 if the
rod is semi-infinite (0 < & < 00) and u(0,t) = u(t), where p(¢) is a given function.

Solution. Mathematically, the problem is formulated as follows:

up = a*uge, 0 <t < o0,
u(z,0) =0, 0<z< oo, (3.2)
u(0,t) = p(t), 0<t<oo.

To solve this problem we will use the Laplace transformation in the variable .
Again, using the properties of the Laplace transformation we have

u(z,t) = Ul(x,p), ug(x,t) = pU(z,p), Uge (2, 1) = Upe(, p).

Equation (3.2) becomes
L{ug] = a®L{ugs),

or
pU(I,p) = QQUmx(xy p)v

or, finally,
p
Uz — o2 U(z,p) = 0.

We obtained a second-order ordinary differential equation in the independent
variable x, where p plays the role of a parameter. This equation is supplemented
by two conditions. Indeed, from the boundary condition of problem (3.2) we know
the function U (z, p) for = 0. Let us denote the Laplace transform of the function
u(t) by M(p), ie.,

pu(t) = M(p).

Further, from the physical meaning of the problem it is obvious that we must
take U(oo,p) = 0. Thus, we arrive at the boundary value problem
Upe — 2 Ul,p) =
zm_a2 (x,p)—07 0<.%'<OO,
U(0,p) = M(p), U(oo,p)=0.

(3.3)

Its general solution is

U(z,p) = Che W + Coe™ {lpm,

where C and Cy are arbitrary constants.
Clearly, Cy = 0, since otherwise U(z,p) — oo as  — oo. Therefore,

U(z,p) = Cae™ ?’w,
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Setting here z = 0, we have U(0, p) = Cy; by the boundary condition at z = 0 in
(3.3), we must put Cy = M(p), and so

_p
U(z,p) = M(p)e™ = %,

It remains to go back to the original u(z,t), i.e., apply the inverse Laplace trans-

formation. Since M (p) = u(t) and

VP, T 2

e = e 4221
2a./7t3/2 ’

the convolution theorem yields

2

t
. W
u(x,t) = e € 1P dr,
(@,1) 2a\/7r/0 (t —7)3/2
Problem 3. The initial voltage in a semi-infinite homogeneous wire 0 < z <
is equal to zero. The self-inductance and loss per unit of length of the wire are
assumed to be negligibly small. Starting at time ¢ = 0, a constant electric driving
force Ey is applied at the extremity (z = 0) of the wire. Find the voltage in the
wire.

Solution. Mathematically, the problem is formulated as follows:

1

Ul’-’E’
CR
v(2,0)=0, 0<z < oo, (3.4)
v(0,t) = Ey, 0<t<o0.

Vg = 0<z,t< oo,

Here C' and R are the capacitance and resistance per unit of length of the wire
and v(t, z) is the voltage in the wire in the point with coordinate = and at time t.
Applying the Laplace transformation with respect to ¢ to both sides of equa-
tion (3.4) we obtain
Liv] = CIRL[UM].
Denoting V(z,s) = [, e *'v(x,t)dt, where s is a real variable taking values in
the interval (0, c0), and observing that

v(z,t) =V(x,s), vz, t) = sV (x,s),
Ey

Ve = sz(x;5)7 EO = s )

we obtain the following boundary value problem for an ordinary differential equa-
tion in the variable z:
Vew(z,s) — sSCRV (x,s) = 0, 0<z<oo,
E
V(0,s)="".

Here s plays the role of a parameter.
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We obtained a second-order ordinary differential equation, but apparently
with only one boundary condition. But we actually have a second boundary con-
dition, namely, from physical considerations it follows that V (z,s) — 0 as z — oo.
So we have the required number of boundary conditions.

The general solution of our equation is

V(J},S) _ Cle\/sC’Rm + 026—\/301?@’

where C7 and (s are arbitrary constants. We immediately observe that C; = 0
(otherwise, V (,s) — 0o as & — o0). Therefore, V (z, s) = Coe~ VR and setting
here z = 0 we obtain V(0,s) = C. But V(0,s) = ¥, so

)

E
V(z,s) = 80 e—\/sCRac

and now it remains to invert the Laplace transformation. Consulting Table 2.2, we

conclude that the voltage is
1% VCRzx
2v/t

where ®(z) = 7 [ e~*"dz is the error integral.

v(x,t) = Ey

)

3.3. The Fourier method (method of separation of variables)

We have already encountered this method in our study of hyperbolic problems.
The block diagram of the method of separation of variables for solving parabolic
problems is analogous to that of the Fourier method for hyperbolic equations.

The case of a segment.

Example 1. Solve the mixed problem
Ut = Uz, O<z<m t>0,
u(x,0) = cos(2x), 0<z<m,
ug(0,1) = ug(m,t) =0, t>0.

Solution. Applying the method of separation of variables, we first seek the solution
of the auxiliary problem

Ut = Ugy, O<z<m t>0,
{uz(O,t) = uy(m,t) =0, t>0

in the form u(z,t) = X (z)T'(¢). In this way we obtain a Sturm-Liouville problem
for the function X (z),

X"+ 2X =0, O<z<m,
X'(0) = X'(m) =0,
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which has the solutions A\, = n?, X,(z) = cos(nz), n = 0,1,2,..., and the
equation
T + 2T =0

for the determination of T'(¢). Its solutions corresponding to the values A, are
To(t) = Che™™t,  n=0,1,2,...
Thus, the solution “atoms” for our problem are the functions
un(x,t) = T, () X (),

i.e.,

n

Up(z,t) =€~ “t cos(nz).

Hence, the solution of the original problem is given by a series
e 2
u(z,t) = Z Cne ™ " cos(nx).
n=0

In the present case the boundary conditions yield Co =1, C,, =0, n # 2, so that
u(z,t) = e * cos(2x).
Problem 2. Solve the mixed problem

Up = Ugy + sintsin(2x), O<z<m t>0,
u(z,0) =0, 0<z<m,
u(0,t) =0, wu(m,t) =0, t>0.

Solution. We will seek the solution u(z,t) in the form u(z,t) = f(t)sin(2z). In-
serting this expression in our equation we obtain

f'sin(2z) = —4f sin(2x) + sin ¢ sin(2x),
whence

f' +4f =sint, t>0,
f(0)=0.

Solving this Cauchy problem we obtain

1 1 4
ft) = 176_4t ~ 7 cost + 17 sin t.

Therefore,
sin(2x)

u(x,t) = 17

(e — cost + 4sint).
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The case of a circle.

Example 3. Solve the problem of heat propagation in a disc of radius b (Figure

3.3).

YA

ur = a?Au

FI1GURE 3.3. Heat propagation in a disc

The problem is formulated mathematically as follows:

u = 0 (Uga + 1), 0<p<b, t>0,
uleo = Jo (“23 x) . 0<p<h, (3.5)
u|p:b =0, t>0,

where fig,, is the nth positive root of the equation Jy(z) = 0.

Solution. Writing the Laplace operator Au = g, + u,, in polar coordinates, we

obtain the equation
w — a2 10 ou n 1 0%u
T o \Pap) T g2

Since the initial and boundary conditions are independent of ¢, the same is true
about the solution. Hence, u = u(p, t), i.e., we obtain the equation

" a21 3} (p@u)
t = .
pOp \" Op
Let us seek its solution in the form u(p,t) = R(p)T(t), using also the condition
u(b, t) = 0. Substituting this expression for v in the equation we obtain

1.d
RT'=d*> T R'),
p dp(/) )
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or, separating the variables,

T _TReR) _
a?T R -
This yields two ordinary differential equations:
1d
(1) (PR') + AR = 0;
pdp
(2) T+ Ma’T =0.
First consider equation (1), which can be recast as
/! 1 /
R'+ R +AR=0,
p
or
p*R" + pR' + \p’R = 0.
Introducing the new variable z = v/Ap and denoting Y(2)| =y, = B(p), we obtain
R/ — \/)\y/, R// — /\y//’
where now the prime denotes differentiation with respect to z. Therefore, we have

the equation

wa"+wy/+x2y:O,

which is recognized to be the Bessel equation of index zero. Its solution is

y(x) = ClJo(.Z') + CQYQ(%),

where Jy(z) and Yy (x) are the Bessel functions of index zero of the first and second
kind, respectively, and C7, Cs are arbitrary constants. Clearly, Co = 0, because
the solution of our problem must be finite and the center of the disc. Hence,
y(x) = CJy(x), or, taking C =1,

R(p) = Jo(v/Ap).
By the boundary conditions, R(b) = 0, i.e.,
Jo(VAb) = 0.

Recalling that the positive roots of the Bessel function Jy are denoted by oy, we
find that the eigenvalues of our problem are A, = (*¢ )2, where n =1,2,... The
corresponding eigenfunctions are

R,.(p)=Jo ('uznp), n=12...
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Next, we find the corresponding solutions 7T),(t) of equation (2), namely,

T, (t) = e~ ("%")’t,

Therefore, the solution the original problem is given by a series

ulprt) = 32 Coe= 40, (P07
n=1

Using the initial condition one readily sees that C3 = 1 and C), = 0 if n # 3. We

conclude that the solution is

u(p,t) = e (10" o (Mg‘3 )

The case of a rectangle.

Example 4. Solve the following problem of heat propagation in a rectangle (Figure

3.4).
U = 0 (Ugg + 15,), 0<z<b, 0<y< by, t>0,
2
o =sin( T Jsin( V), 0<a<b, 0<y<bs,
by by
U|F = 07 t Z 07

where I' denotes the boundary of the rectangle.

Yy
u=0({>0
" (t>0)
u = ) u =
(t >0) up = a”Ou (t >0)
0 u=0(t>0) b %

FIGURE 3.4. Heat propagation in a rectangle
We will seek the solution of problem (3.6), (3.8) in the form
u(z,y,t) =TV (z,y).
Substituting this expression in the heat equation we obtain

T Vi +Vy,
T'V =a*T(Vyw + Vi),  or ST v W=

(3.6)
(3.7)

(3.8)
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This yields the following two equations:
Viw + Vyy + AV =0, (3.9)

T + \a*T = 0. (3.10)

Note that (3.9) is a partial differential equation, whereas (3.10) is an ordinary
differential equation.

First let us solve (3.9). From the boundary condition u|r = 0 is follows that
V|r = 0. Let us consider the eigenvalue problem

Vi + Vyy + AV = 0,
{ (3.11)

Vir=0
and seek its solution in the form
Viz,y) = X(2)Y (y).
Substituting this expression in equation (3.11) we get
X"Y + XYY"+ AXY =0,

or X// Y//
A =
e + v + 0,
or, equivalently,
Y// X//
y TAT T x TH

This yields two ordinary differential equations:
X"+ pX =0, (3.12)

Y+ (A=p)Y =0. (3.13)

From the boundary condition V| = 0 we obtain the boundary conditions X (0) =
X (b1) = 0 for equation (3.12) and Y (0) = Y (b2) = 0 for equation (3.13).
We have already encountered several times the Sturm-Liouville problem

X" 4+ uX =0, 0<x<b,
X(0) = X(b1) =0,

so we can immediately write

2
iy = " , and Xn(z) = sin o , n=12...
bl bl
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In much the same way, equation (3.13) comes with the boundary conditions

Y(0) =Y (by) =0

and has the solutions

Anm — fn = <771;L7T)7 Ym(y):sm(?;;my)7 n=12,..., m=12...
2 2

Therefore,
2 2
nmw mm
)\nm =
() ()

and equation (3.9) has the solution “atoms”

Vim = sin <7;Tx> (TZ:y> .
Now from equation (3.10) is follows that
2 2
o | A I € B )

We conclude that the solution of the original problem is written as a series

oo o0 2 2
) 7t - nm _[(nb‘rm) +(ml;ﬂa) ]t i (nﬂ- ) <m7T >
u(z,y,t) ;:1 milc e 1 2 sin b, x by Yy

The initial condition forces co; = 1 and all the others ¢,,, = 0. Finally,

[ s o .
u(z,y,t) =e - " 2 1 sin x y ).
by ba

The case of a cylinder.

Example 5. Find the temperature of an bounded circular cylinder (Figure 3.5)
whose surface is maintained at temperature zero and in which the initial temper-

ature distributions is

2
uli—o = Jo (M25 p) sin < ;er> .

Solution. The mathematical formulation of the problem is as follows:

ur = a®Au, O0<p<b 0<z<h, t>0,
5 . (2
u‘tIOZJO(MZ p)sm(}?—z), 0<p<b 0<z<h,

U220 = U|z=p =0, Ulp=p =0, t>0.

(3.14)
(3.15)

(3.16)
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z
I/
-
|
I
I
1wy = a®Au

= 1 u=20
|
I
I
I
—'———I——-~
R G I
e b y
U

FI1GURE 3.5. Heat propagation in a cylinder

Here

2 2
Au_l(’)(au) 1 0°u  O%*u

“pop\Pop) T o o

181

Since the initial and boundary conditions are independent of ¢, the solution
of the problem will also be independent of ¢, i.e., u = u(p, z,t). Let us seek it in

the form
u(p, z,t) = R(p)Z(2)T(2).

Substituting this expression in equation (3.14)

u—a2-18 ou +82u
e Lp Op pap 022

we obtain

RZT' = d* ZT;ai(pR’) + RTZ"} ,

which upon dividing both side by RZT yields

T _ iRz

a’T R A
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In this way we obtain two equations:

L) 7

=-A 3.17
R Y (317)
and
T +a* T = 0. (3.18)
Further, equation (3.17) yields

1 d( R 1

pR') Z
pdpR A== = (3.19)

Thus, we have to solve the Sturm-Liouville problem

7" +uZ =0, 0<z<h,
Z(0) = Z(h) =0.

Its solutions are

2
iy = (nhﬂ) , Zn(z)zsir1<r;zrz)7 n=12...

Now from (3.19) it follows that

pdn(PR)
R = K= )‘a
or
p’R" + pR' + p*vR =0, (3.20)
where we denoted p — A = —v.

With equation (3.20) we are already familiar: it has the solution R(p) =
Jo(v/vp), where Jy is the Bessel function of first kind and index zero. From the
boundary condition u|,=;, = 0 is follows that R(b) = 0, i.e., Jo(y/vb) = 0, which

gives the sequence
Hom 2
Um = b s m = ]., 2, -

We see that the eigenvalues and eigenfunctions of our problem are
s 2 2
v = () + ()

Vi = Jo (M(z)m p) sin (nhw z) .

and respectively
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Next, equation (3.18) has the corresponding sequence of solutions

2
Thm = Crme @ Anmt

Therefore, the general solution of our problem is
2y 1 nm
’ 7t - - thJ ( OWL ) ( ) ’
u(p z ) 7;:1 EZI Cnm€ b 4 sin h z

The initial condition (3.15) implies that co5 = 1 and cpp = 0 if n # 2, m # 5.
We conclude that the temperature distribution in the cylinder is given by the

formula )
— TG g (HO05 N g
u(p,z,t) =e Jo ( )sm ( h z) .

Example 6 [4, Ch. 4, no. 28]. Find the temperature of an infinite circular cylinder
under the assumptions that the initial temperature is

02
ufi—o = ug <1 - 2) , ug = const,
Po

and the surface of the cylinder is maintained at temperature zero. Under condi-
tions of a regular regime, find an approximate expression for the average of the
temperature over the cross section of the cylinder.

Solution. Mathematically, the problem is formulated as follows:

1
ut:a2<upp+ up>, 0<p<py, 0<t<oo,
P
2
3.21
u(pﬂo):u()(l_ZQ)a 0§P§P07 ( )
0
u(po,t) =0, 0<t<o0.
First, let us consider the auxiliary problem
Uy =a“ | Uy, + U, |, 0<p<py, O0<t<oo
' ( o ”) p=ro (3.22)

u(po,t) =0, 0<t<oo.

Proceeding as we did before, we shall seek its solution in the form

u(p,t) = R(p)T(t). (3.23)

Substituting the expression (3.23) in equation (3.22), we obtain

RT' = a®T <R” + 1R’> ,
p
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whence, upon dividing both sides by RT,

1" 1 pr
T :R + R _
a?T R ’

where ) is the separation constant.
Again, we obtain two ordinary differential equations:

PR’ + pR + \p*R =0, (3.24)

T +a*\T = 0. (3.25)

The general solution of equation (3.24) has the form
R(p) = C1Jo(VAp) + C2Yo(VAp).

Since we must have |R(0)| < oo, Co = 0 (otherwise, |R(p)| — oo as p — 0 because
[Yo(VAp)| — oo as p — 0). Therefore,

R(p) = C1Jo(VAp).
The boundary condition u(pg,t) = 0 yields R(pg) = 0, i.e., Jo(v/Apg) = 0.

2
We obtain the sequence A\, = (’;g) , where p,, n =1,2,... are the positive roots

of the equation Jy(x) = 0. The corresponding solutions are R, (p) = Jy (‘;g p).
Now from equation (3.25) with A = \,, we find

To(t) = ce” ()

where C' is an arbitrary constant.
Therefore, the solution “atoms” of problem (3.22) are the functions

n 2
un(pst) = Jo <N"p> e (Fa)
Po
and the solution of the original problem (3.21) is given by a series
oS} B 2
ulp.t) = > Ando (“" p) e (e)t (3.26)
n=1 po
where the coefficients A,, are subject to determination; namely, they are found

from the initial condition
2
U(,0,0) = Uo <1 - pg) .
Po
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Setting t = 0 in (3.26), we get

u(p,0) = ZAnJO (an) .
el Po

2 PO ;02 o
e (2 ()
PRI () Jo i2) "\ p”) "

But we have already encountered such an integral, so we know the answer:

Therefore,

8u0

A, = .
153, J1 (pim )

We conclude that the solution of the original problem is

> 1 Hn —(“" a)2t
u(p,t) = 8uyg Z Jo < p> e \ro .
= Ji(pn) T\ o

Let us note that since the roots of the Bessel function Jy(z) increase with n,
obeying the formula

o, 0s6 005
fin = 41 T @n—2 T

when ¢t — oo the leading term in the above sum formula for the solution is the
first one, so that for sufficiently large values of ¢ we have

Jo (ﬁ; /’) e,(gé a)zt.

u(p,t) =~ 8u
(0:8) ~8u0 3 7 (1)

The cross-section average of the temperature is

W= L [ ulp2mpa
u(t) = u(p,t)2mpdp ~
WP% 0

2 Po 2
16uo 7(%“) t/ pJo <'u1p> dp = 167:067(%(1) t’
0 Po H

~ . e
13p3J1 (1)

because
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The case of a ball.

Example 7. Solve the following problem of heat propagation in a ball of radius b
centered at the origin:

uy = Au, O0<p<b 0O0<b<m 0<p<2m, t>0,
3 . Js /2 (”i’lp)

Uli=o = _ sin(26) cos ¢

im0 = | sin(20) b

0<p<bh 0<O0<m 0<p<2m, t>0,
ulr =0, p=>b 0<6<7m, 0<ep<2m t>0,

where 12,1 is the first positive root of the equation J5/5(z) = 0.

Solution. Let us write the Laplace operator in spherical coordinates:

A’U,*l 0 ( 5,0u +1 1 0 Sineau N 1 Ou
~ p2op P dp p? sin? 6 90 00 p2sing Op?

We will seek the solution of our problem in the form

u(pv 0, ¢, t) = T(t)R(p)Y(G, 90)'

Substituting this expression in the heat equation we obtain

2
d (p*R') + RT _1 o (sin9?6/> + RT Lo Y}.

1
YT' =a? ", |TY
R “ P> [ dp sin 0 00 sin? 0 02

This yields the equality

T 1

T ~ P>

. 2
ddp (sz/) + si1110 860 (Slne%g) + RTsmlz 6 g(p}; Y
R Y -

which in turn results in the following two equations:

d 2 o/
1| g (0°R)  AgY
=— 2
P R T v A (3.27)
and
T +a*\T = 0. (3.28)

Here we denoted by Ay, the operator

1 90 (. 0Y 1 0%y
BoY = G0 00 <Sm9 0 > T gin20 902
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From equation (3.27) it follows that

¢ (PR

i AgY

I + A% = v = (3.29)

Here A and p are separation constants. Next, (3.29) gives the equation
ANg,Y +pY =0. (3.30)

to which we must add the “boundary” conditions

{Y(H,w) =Y(0,¢+2m), (3.31)

[Y(0,0)] <00, [Y(m,¢)| <o0.

In this way we obtain the eigenvalue problem (3.30),(3.31): find those values
of the parameter p for which the problem has nontrivial solutions, and then find
those solutions. We shall seek the solutions in the form

Y(0,0) = A(0)D(p).

First of all, notice that from the equality Y (6, ¢) = Y (0, + 27) it follows
that

O(p) = D(p + 2m). (3.32)
Then equation (3.30) reads
L0 g a0) + L 87 A+ pAD =0
sin 6 90 sin? 0 pEE TS
whence
Ledno-a) 1w
A sin?g @ '
or .
inf ¢ (sing - A’ "
- da(jn ) ¢ psin0+ o =0
or .,
ind ing- A "
sin de(jn >+MSin29:_i -,

where v is a new separation constant. This yields the following problem for ®:
" 4+ v =0, —00 < p < 0, (3.33)

O(p) = D(p + 2m). (3.34)
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It is readily verified that its eigenvalues are
— 2 —
v=m", m=20,1,2,...

and the corresponding solutions are

[ cos(myp),
Pmlp) = { sin(mgp).

We also have the following problem from which one determines A(6):

sin@je(siHQ-A’)+(psin29—m2)A:0, 0<6<m,
|A(0)] < 00, |A(m)] < oo.

Let us denote & = cos 6. The problem for A reduces to the form

d o dy m? B
dx[(lm)dx}nL(ul_xQ)yO l<z<l, (3.35)

ly(D)] < o0, y(=1)] < o0, (3.36)

where y(x)|ar=cosé' = A(H)

We recognize this to be a boundary value problem for the associated Legendre
equation. It is known that the eigenvalues of problem (3.35), (3.36) are p, =
n(n+1), where n =0,1,2,..., and the corresponding eigenfunctions are given by

m/2 de'ﬂ(x)

P () = (1wt

where P, (z) is the Legendre polynomial of degree n (here m < n); P{™ are called
the associated Legendre polynomials of order m.

We conclude that the solutions of equation (3.30) under the conditions (3.31)
are the spherical functions

PO (cosB), P™(cosh) cos(mep),
P{™(cosB) sin(me),  m=1,2,...n.
Now let us return to relation (3.29). Taking p = n(n + 1) and imposing the

boundary condition R(b) = 0, we obtain the following boundary value problem for
the function R(p):

R" +2pR + [\p*> —n(n+1)]R =0,
{p pR +[\p* —n(n+1)] (337)

IR(0)| < 00, R(b) = 0.
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The substitution R(p) = y(p)//p transforms (3.37) into the Bessel equation
of half-integer index

Py + py' + [APQ — (n+ ;)Q}y =0,
whose general solution has the form
Y(p) = CrJus1/2(VAP) + C1 N1 /2(VAp).
Here Jy,11/2(x) and N, 1q/5(z) are the Bessel functions of the first and second

kind, respectively, of index n + 1/2, and Cy, Cy are arbitrary constants. Clearly,
for our problem we must put Cy = 0, i.e.,

y(p) = C1Jni1/2(VAp).

Imposing the condition R(b) = 0 we obtain

Jng1/2(VAb) = 0.

Therefore,
Hnk\ 2
)\nk = ( Z ) ;
where pnk, kK =1,2,..., are the positive roots of the equation

Jn+1/2(l‘) = 0

Is it obvious that to each eigenvalue A,j there correspond 2n + 1 eigenfunc-

tions
Jny1/2 (”ij P)

Y(0,0),  j=0,%£1,42,... 4n,
VP

Unkj =

where
Y™ (8, p) = P{™ (cos 6) cos(mep),

Y, 7™ (80, ¢) = P™ (cos 6) sin(m),

m=0,1,2,... ,n.
Further, from equation (2) it follows that
_(al‘nk )2t
Th = Chre b )

where C,;; is a constant. This yield solution “atoms” of our problem:

Hnk

J, w2
unk(p, 0, 0,t) = +1/i)/(p i) Yo (0, 0)e (),
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Here the spherical harmonic Y,,(6, ¢) has the expression

[Apm cos(mp) + Bum sin(mgo)}Py(Lm) (cos @),

NE

Ya(0, ) =

3
]
o

with constants A,,, and B,,,. Thus, the solution of our problem is

u(p, 0, p,t) ZZ HH/Z i) Ya (0, e ()

n=0 k=1

Imposing the initial condition, we finally have

J: H21 ating
u(pa97§0? t) = 5/2\(/pb p> PQ(I) (COS 9)6_( }b )Zt.

3.4. A modification of the method of separation of variables
for solving the Cauchy problem
The solution of the Cauchy problem

uy = a?Au+ f(z,y, 2, 1), —oco < x,y,z <00, t>0,
u|t:0:g(xvyvz)v -0 < T,Y,z <0,
is provided (generally speaking) by the Poisson integral. But often the calculations
connected with the Poisson integral are so tedious that in practice one decides
not to use it. As it turns out, for a wide class of functions f one can apply the
method of particular solutions. To this end let us observe that the heat operator
Lu = ug — Au takes (i.e., maps), for example, a function of the form () sin z cos y
(in the two-dimensional case) into a function of the same form (¢) sin  cosy.
Let us examine a number of examples.

Example 1 [6, Ch. IV, 13.5(3)]. Solve the Cauchy problem

{utzum—i—etcosx, —xo<zr<oo, t>0,

uli—p = cosz, —00 < 7 < 00.

Solution. As we have indicated, the solution may be obtained by Poisson’s formula,
but sometimes (as in the present case) is it more convenient to apply the method
of separation of variables. To that end we split our problem into two simpler
problems:

( {vtvare_tcosx, —oco<x<oo, t>0,

v]t=o =0, —00 < < 00
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and
@) {wtzwm, —co<xr<oo, t>0,

W= = cos z, —00 < T < 00

Let us seek the function v(x,t) in the form
v(z,t) = @(t) cos z,

where the function ¢(¢) needs to be determined. Substituting this expression in
the equation of problem (1), we obtain

¢'(t)cosz = —p(t)cosz + e " cosx,

which yields the following Cauchy problem for an ordinary differential equation
(where we use the fact that ¢(0) = 0):

Y te=ct, >0,
¢(0) = 0.

It is readily verified that the solution of this problem is
o(t) =te .
Therefore, v(x,t) = te~! cos z. Further, the solution of problem (2) is the function
w(z,t) = e 'cosx.
We conclude that
u(z,t) = v(x,t) +w(z,t) =e (1 +t)cosz.
Example 2 [6, Ch. IV, 13.6(2)]. Solve the Cauchy problem

{ut—Au+Sintsinxsiny, —oo<x,y<oo, t>0,

Ulg—g = 1, —00 < x,y < 00.

Solution. As before, let us split the problem into two problems:

vy = Av + sintsin z siny, —oo<z,y<oo, t>0,
( V|t=0 = 0, —00 < T,y < 00,
and
) wy = Aw, —o0 < x,y < oo, t>0,
( wli=o = 1, —00 < &,y < 00.

We see right away that w(z,y,t) = 1.
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As for the function v(z,y,t), let us seek it in the form
v(z,y,t) = p(t)sinxsiny.
Substituting this expression in the equation of problem (1) we obtain
¢ (t)sinxsiny = —2p(t) sinz siny + sintsin rsiny,
which in turn gives the following Cauchy problem for the function ¢(t):

@ +2p =sint, t>0,
¢(0) =0.

Its solution is the function
L. —2t
o(t) = 5(231nt7cost+e ),

and so

1
v(z,y,t) = 5 sinzsiny(2sint — cost 4 e~ %).

We conclude that
1
u(z,y,t) = v(z,y,t) + w(z,y,t) = 5 sin 2 siny(2sint — cost + e~ %) + 1.

It also turns out that if the initial data of the problem have some specific
symmetry properties, then it is natural to search for the solution of the Cauchy
problem in the same class of functions, i.e., among the functions with the same
symmetry properties. Let us give some relevant examples.

Example 3 [6, Ch. IV, 13.8(5)]. Solve the Cauchy problem
{ut—Au, $:(.’E1,...7In)eRn, t>0,

Ulymo = e~ Chmr #0)* zreR"

(here R™ is the n-dimensional Euclidean space).

Solution. We shall assume that
w(ry, ..o T, t) =v(xy + ...+ 2 t).
Then denoting s = x1 + ...+ z,, and observing that u; = v;, we have that

*u D
ox? 082’
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whence
8%u R 8%u 9%v
Ox? oz2 0s?

Therefore, the equation u; = Aw is recast as

Au

0%v
0s?

Ve =N

and the original Cauchy problem becomes

0%v
Ut:n@sQ’ —o0o<s<oo, t>0,
2
V|gmg =€~ 7, —00 < § < 00.

Applying here the Poisson integral we have

1 > s—¢)?
v(s,t) = / e Cidt d¢ =
2vnmt J_oso

oo ) 2
= 1 e~ zf:t / 6_42+ 2§7ft - 4Cm dC =
2v/nt e

o0
— 1 e 1+an1, / e 113:,” (47 1+flnt)2d€-_
2v/nrt —0

To compute the last integral we make the change of variables

\/ 1+ 4nt ¢ s

o= — .
4nt 1+ 4nt

Then we have

1 1+ 4nt 52 &
v(s,t) = \/ an e 1+ant / e~ dogy = e
2/nt 4nt oo V1 +4nt

1+4nt |
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Therefore, the solution of the original Cauchy problem is given by the formula

1 n 2
w(wy, ..., @, t) = \/1+4me*1+im(2k:1m) .

Example 4. [6, Ch. IV, 13.6(4)]. Solve the Cauchy problem

{8ut:Au+1, —co < z,y<oo, t>0,

2
Ulp—o = e~y —o00 < z,y < 0.
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Solution. Let us seek the solution as the sum of the solutions of two problems:

1) 8u§1)=Au(1)+1, —o0 < x,y < oo, t>0,
u(l)‘t:() = 07 —00 <,y <00,
and
@) 8u§2) = Au®, —oo < z,y <oo, t>0,
U(2)|t:0 = e_(””_y)Q, —00 < x,Y < 00.

The solution of problem (1) has the form u") (z,y,t) = gt. Let us find the
solution of problem (2). We shall assume that

ul? (z,y,t) = vz - y;1).
Then denoting x — y = z and observing that

Au? _Ovdz  Ov

dr  0z0x 0z’

92u® 9%y 2u® 9%y
0z 022’ oy 022

we obtain the Cauchy problem

10%v
vt:4822’ —oco < z<o0, t>0,
2
Vltmo =€ 7, —00 < z < 00.

The solution of this problem is given by the Poisson formula (with a = 1/2):
1 & 2—0)2 1 22 e z 2
v(z,t) = / e ¢ = e / e ¢ =
vt J o vt —o0

= \/1 e_ztz /‘00 e—[(1+1)<42—fi§+(1it)2ﬂet(fi,)dg —
Tt

— 00
o0
_ ! ¢ " e‘(lft)(C—lit)Q\/t+1dC—
Vit 1+t ) t
22 1

1 . /oo _azd _lz_f 1
= e t e aox =e t 5
L V1itt ) V14t

where we used the notation

1+t z
a:\/ t (C_t+1>'
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Therefore,

1 _(z—y)?
14t

= e s
V1+t

and the solution of the original problem is

u@ (z,y,t)

1 1 _(@-u)?
u(x,y,t):8t+\/1+te 14t

Example 5 [6, Ch. IV, 13.7(4)]. Solve the Cauchy problem

{utzAu—Fcos(x—y—l—z), —oo < z,Yy,z <oo, t>0,

_ _ 2
Ulpmg = e~ @Y=" —00 < T, Y,z < 00.

Solution. Again, let us split the problem into two auxiliary problems:

) ugl)zAu(l)—i—cos(x—y—i-z), —oo < X, Y,z <00, t>0,
u(1)|t=0 = 07 —00 < Z,Y,z < 0,
and
) uﬁz) = Au?, —o00 < x,Y,z2 <00, t>0,
@) W@l = e~ @
t=0 — € , o0 < T,Y,z < 0.

Let us seek solution of problem (1) in the form
ul(@,y,2,t) = p(t) cos(z — y + 2),

where the function ¢(¢) needs to be determined. Substituting this expression for
uM(x,y,2,t) in the equation of problem (1) we obtain

@' (t) cos(z —y + 2) = 3p(t)[— cos(z — y + 2)] + cos(z — y + 2),

because A cos(x —y + z) = (—3) cos(z — y + 2). It follows that (t) is the solution
of the Cauchy problem

&' (t) + 3p(t) = 1, t>0,
¢(0) =0.

Clearly, the solution of this problem is ¢(t) = }(1 — e~3"), and so

1
(1—e 3 cos(x —y + 2).

U(l)(%ya Z>t) = 3

Further, to find the solution of problem (2) we use the representation
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Then, observing that Au®? = Av = 30%v/ds?, where s = x 4+ y — z, we recast
problem (2) as

0%v
vt:3882, —oco<s<oo, t>0,
2
V|tmo =€ %, —00 < 8§ < 00.

Poisson’s formula (with a = /3) yields

1 > 2 _(s-0)2
v(s, t) = e e b d¢ =
(5, 23/t /_oo ¢

1 2 & 2, 2
e 12t e ¢ +58 = f2e d¢ =
—00

B 2v/3/7t
o s s s
= \/ 1\/ e~ 15221 / e [(H ét)(&_ 13t (1+122t)2 )} el2t(fi12t> d¢ =
2V 3Vt —00
oo
— 1 e ljf2t / ef(ltz}zzt)(cf 1+S12t)2d€“ =
2/3rt oo
\/ 12t (lezlt?t)(cf 1+5121,)2 \/1 +12¢ dC =
Nz’m 1+ 12t 12t
1 1 e~ 1-53% / 6—o¢2da — 1 e~ 1-¢f21 ,
VT /1 + 12t Ceo V1+ 12t

where we used the notation

_\/1+12t ¢ s
N 12t 1+12t)°

Therefore,
u® (2, y,2,t) = 1 e Gy
T V1412t
and the solution our problem is
1 1 (aty—2)2
u(z,y,z,t) = 1 —e 3 cos(z — +2z)+ e~ 1412t
(@,9,2,8) = 4 )cos(z —y + 2) V1412t
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Problems for independent study

. Solve the Cauchy problem

U = augy, —oco<x<oo, t>0
u(z,0) = f(x), —o0 < x < 00.

Solve the boundary value problem

ut:aQum, 0<z,t< oo,
u(0,t) =0, 0<t <o,
u(z,0) = f(x), 0<z<oo.

Solve the boundary value problem

uy = a’Au, —o<r,y<oo, 0<z<oo, t>0,
ul,=o =0, —00 < z,y < oo, t>0,
uli=0 = f(z,v, 2), —co < x,y<oo, 0<z<oo.

Using the result of problem 1, show (applying Duhamel’s method) that the
solution of the Cauchy problem

Uy = gy + f(2,1), —co<x<oo, t>0,
uli=o = 0, —00 < x < 00,
is given by the function

1
2av/7 J \/t -7

Solve the boundary value problem

u(x,t) — / f C’ e 4a2<3i) dc.

U = Uge + a®u + f(2), 0<z<oo, 0<t<oo,
u(0,t) =0, uy(0,t) =0, 0<t<oo.

Solve the boundary value problem

Ut = Ugye + U+ acosz, O<xr<oo, 0<t<oo,
u(0,t) = be™ 3" u,(0,t) =0, 0<t< o0

The initial temperature of a thin homogeneous rod is equal to zero. Determine

the temperature u(z,t) in the rod for ¢ > 0 in the case when the rod is semi-

infinite (0 < z < c0) and u(0,t) = §(t).

Hint. The Laplace transform of the J-function is 1.
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10.

11.

12.

13.

14.

15.

16.
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The initial temperature of a thin homogeneous rod of length [ is equal to
u(x,0) = 2sin(3z) + 5sin(8z). Determine the temperature u(x,t) in the rod
for t > 0 if the extremities are kept at the temperature of melting ice.

The initial temperature of a thin homogeneous rod of length [ = 7 is equal
to u(x,0) = 2cosz + 3 cos(2z). Determine the temperature u(x,t) in the rod
for t > 0 if the heat flux at the extremities of the rod is equal to zero.

Solve the boundary value problem

ut:azum—i—u—l—tsin@x), O<zx<m t>0,
u(z,0) =0, 0<z<m,
u(0,t) = u(m,t) =0, t>0.

Prove the uniqueness of the solution of the mixed problem

Uy = gy +u+ f(z,1), O<z<l, t>0,
u(z,0) = at), u(l,t)=p(), t=0,
u(0,t) = g(x), 0<z<L

Find the temperature distribution in a thin rectangular plate of dimensions
[0, 7] x [0, 7] if the initial temperature is equal to u(z,y,0) = 3sinx sin(5y)
and its boundary is maintained at temperature zero.

Find the temperature distribution in a thin rectangular plate of dimensions
[0, 7] x [0, ] if the initial temperature is equal to u(z,y,0) = 5 cosx cos(3y)
and the heat flux through its boundary is equal to zero.

Find the temperature distribution in a thin rectangular plate of dimensions
[0, 7] X [0, 7] under null initial and boundary conditions, when inside the plate
there are heat sources with density f(z,y,t) = Asinzsiny, where A = const.

Solve the following mixed problem in the rectangle [0, 7] x [0, 7]:

Uy = a* (U + Uyy), O<zy<m, >0,
u(0,y,t) =0, wu(my,t) =siny, t>0,
u(z,0,t) = u(x,m,t) =0, t>0,

u(z,y,0) =0, 0<z,y<m.

Let the function uy (z,t) be the solution of the Cauchy problem (k=1,2,...,n)

8uk 2 82uk
=a

ot oz}’

Uklt=0 = fu(xk), —00 < x) < 00.

—o0o < x| <00, t>0,
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Show that the function u(x,t) = []j_, uk(zk,t) (where [] denotes the prod-
uct operation) is the solution of the Cauchy problem

8uk
ot

uli—o = [[ fulzx), 2 €R",
k=1

= a%Au, reR™ t>0,

where © = (21,... ,2,), u(z) = u(r1,... ,20).

Suppose that the function f(x,t) is harmonic in the variable x for each fixed
t > 0. Show that the function

u(z,t) = /Ot flz,7)dr

is the solution of the Cauchy problem

ug = a’Au + f(x,t), rzeR" t>0,
u‘tz() =0, xz € R™

Find the temperature distribution in a rod 0 < x <[ with thermally insulated

lateral surface if its right endpoint x = [ is maintained at temperature zero

and the temperature in the left point © = 0 is equal to u(0,t) = At, where

A = const. The initial temperature of the rod is assumed to be equal to zero.

Find the temperature distribution inside an infinite (—oo < z < 0o) circular
cylinder of radius R if its surface is maintained at temperature zero and the
initial temperature distribution is ul;—g = AJy (’j% p), where puy is the kth
positive root of the equation Jy(p) =0 and A = const.

Find the temperature distribution inside an infinite (—oo < z < 00) circular
cylinder of radius R if its surface is maintained at temperature uy and the
initial temperature is u|;—¢ = 0.

Find the temperature distribution inside an infinite (—oo < z < 00) circular
cylinder of radius a if its surface is maintained at temperature zero and the
initial temperature distribution is ul;—g = AJy (%2 p) cos(2¢), where 3 is
the third positive root of the Bessel function J(z) and A = const.

Find the temperature distribution in an infinite (—oco < z < o0) circular
cylinder of radius a if its surface is maintained at temperature zero, the
initial temperature is equal to zero, and heat sources with density f(p,t) =
Ady (’;1 p), act inside the cylinder, where p; is the first positive root of the
Bessel function Jy(z) and A = const.
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24.

25.
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27.

28.
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Solve the mixed problem for the heat equation in a bounded cylinder

Ut:CQAU,+€tJ0(H1p)COS(3ZZ), 0<p<a, 0<zxz<h, t>0,
a

0

“I' =0, t>o0,

on|p

uli—o =0, 0<p<a, 0<z<h

Here T is the boundary of the cylinder and p4 is the first positive root of the
equation Jj(z) = 0.

Determine the temperature inside an infinite (—co < z < 00) circular cylinder
of radius a if the temperature of the lateral surface is A cos(2¢) (A = const)
and the initial temperature is equal to zero.

Determine the temperature inside an infinite (—oo < z < 00) circular cylinder
of radius a if the temperature of the lateral surface is Ae~w"t (A =const)
and the initial temperature is equal to zero.

Determine the temperature inside an infinite (—oo < z < 00) circular cylinder
of radius a if the temperature of the lateral surface is Ae®’t (A =const) and
the initial temperature is equal to zero.

Determine the temperature inside an infinite (—co < z < 00) circular cylinder
of radius a if the temperature of its lateral surface is Ae*’!sin(ny) (A =
const) and the initial temperature is equal to zero; here n is an arbitrary
positive integer.

Determine the temperature inside a ball of radius a if the boundary of the
ball is maintained at temperature zero and the initial temperature is equal
t0 ult=p = sin (T;p ), where p denotes the distance from the center of the ball
to the current interior point.

Determine the temperature inside a ball of radius « if the boundary of the ball
is maintained at temperature u|,—, = P»(cos#) and the initial temperature
is equal to zero; here Py(x) is the Legendre polynomial of second degree.

A ball of radius a, initially heated to the temperature
ui=o = p? Paz(cos 0) cos(3¢),

cools down while its boundary is maintained at temperature zero. Find the
temperature inside the ball; here Py3(z) is associate Legendre function:

3/2 d*Py(z)

Pys(z) = (1—27) 3
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32.

33.

34.

35.

36.

37.

38.

3.5. PROBLEMS FOR INDEPENDENT STUDY

Solve the Cauchy problem

{utzAu, —00 < x,Y,2 <00, t>0,

uli—o = cos(x +y + 2), —o00 < ,Y,2 < 00.
Solve the Cauchy problem

{ut—4um+t—|—et7 —oco<x<oo, t>0,

Ult=o = 2, —00 < x < 00.
Solve the Cauchy problem
1
ut:2Au, —o0 < x,y < oo, t>0,
u|i=o = cos(ay), —00 <,y < 00.

Solve the Cauchy problem

{ut:2Au+tcos:r, —00 < x,Y,2 <00, t>0,

u|p—p = cosy cos z, —00 < @,Y,2 < 00.

Solve the Cauchy problem

1
ut=2Au+tsinxcosy, —o<z,y<oo, t>0,

ult=0 = 2y, —00 < T,y < 00.

Solve the Cauchy problem

ug = A%u + f(x,t), zeR", >0,
uli—o =g(z), xR,
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where g(x) is a biharmonic function and f(z,t) is a biharmonic function of

x for each fixed t.

Solve the Cauchy problem

uy = A%, zeR" t>0,
n

Ult=g = Hsin(kix,% z € R".
i=1

Solve the Cauchy problem

{Utt :AZ’LL, IERn, t>0,

Ulp—p = sinzy, uli=o = oS Zy.
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39.

40.

3.6.

10.

12.
13.

14.

CHAPTER 3. PARABOLIC PROBLEMS

Find a solution, having the form of a travelling wave propagating with con-
stant velocity a, for the nonlinear equation

_ Ou ( ,Ou 51
U 0e \ T ox ) a==

Show that the equation u; = u,, is equivalent to the integral identity
]{uda}+uxdt:0;
L

here the function u(z,t) is assumed to be sufficiently smooth and L is a closed
piecewise-smooth contour.

Answers

_(e=0)?

1 00
.UZQQ\/ﬂ-t/_OOf((; 1a2t dC

(z—0)2 _(x+0)?

1 o0 _
u = 2a\/ﬂ—t/_ f(C) |:e 402t — 142t :| dC

U= d d /
(QQW / 5/ n [ FEmox
e )24 (y—m) 2+ (2= )2 o €)2 4 (g2 (24)2
o {e_« OMH-pTH-0% =0T+ dc,
1 T
u=— / fz = &) sin(a&)dg.
@ .Jo
u = be 3" cos(2x) — ;xsin x.
X _ a2
u = 2a\/7r t3/2e 4a2t
u=2e%t sin(3x) + pe—64a’t sin(8z).
u=2e""cosx + e 4t cos(2x).
1 1 2
= t ( —4a%t _ 1) :
U7 a2 { * 4a?
u = 32007 sin x sin(5y).
u = 5e~100% cos x cos(3y).
A —2a%t 2 2 . :
u = 14+ dgt (e —2a°t + 2a smt—cost) sin x sin y.



3.6. ANSWERS

sinhz . 2 n(=1)" 22y .
15. u = sinh  SRY T ; w241 € an sin(nx) siny.
l—x 24P X1 2 N . /nm
18. u= At I 342 n3(1—ea(l) )sm(lx)
19. u= Ae™ ¢ (%)Zt‘]o (lg p)
oo
_a2( )2 JO( P)
2. u=u|1+25 e (E)t7O\R
n; finJg (im)
2 b
21. u=Ae " (?) 1y, (MJ p) cos(2y),
a

22.

23.

24.

25.

where c is the constant appearing in the equation u; = c?Au.

v () B ()
o 1+c2¢<*z;1>2+ ()’ { _e_cwal)2+m2t} )

xJy (ls p) cos (3; z) .

> wm )2 2
u = —Acos(2p) Z Apo (M;n p) e (M)t 4 AZ2 cos(2¢),
m=1
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where pi,,, is the mth positive root of the Bessel function J2(x) and the coef-

ficients of the series are given by the formula

2 [ on (o) i

Am = A )

u=A p; e - iAnJo (/;” p) 6702(%?)%, where

Jo(‘z’a
o [ o)) 0

. a*Jo ((z P) [J1 (k)]

c is the constant appearing in the equation u; = c?Au, and p, is the nth

positive root of the equation Jy(x) = 0.
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HZIA,LJO < u ) (Man)zt, where
QA/ pIO IO( ) dp

a’Io (C ) [J1(pn)]?

Iy
26. u=A

Io(

OEGE
b

and Ip(z) is the Bessel function of index zero and imaginary argument.
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